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Abstrakt

Práce zkoumá potenciál dvou výpočetních metod pro analýzu biofyzikálně přes-
ných modelů neuronů nebo neuronových shluků: relativně standardní přístup sim-
ulace namřížce a kontinuačnímetoda založená na nových postupech. Obsahuje teo-
retické pojednání o dynamických a semidynamických systémech, zpožděných difer-
enciálních rovnicích, numerickém řešení diferenciálních rovnic a jednorozměrnou
optimalizaci. Jsou uváženy různé fyziologické modely neuronu, z nichž každý se
vztahuje k určitému neurosignálu (tzv. spiking, bursting atd.). V práci je před-
stavena metoda založená na simulaci spřaženého systému pro každou kombinaci
parametrů na dané mřížce. Ta je postupně zlepšována a vyvíjena. Práce se dále
zabývá numerickou kontinuací variety cyklů pro obyčejné i zpožděné diferenciální
rovnice. Tato metodologie založená na teorii bifurkací je posléze aplikována na
studovaný problém. V závěru jsou obě metody srovnány z různých pohledů.

Abstract

The thesis investigates the potential of two computational methods for analyzing
biophysically accurate models of neurons or neural clusters: a relatively stan-
dard grid-based simulation approach and a continuation method based on novel
methodologies. It covers the necessary theory of dynamical and semidynamical
systems, delay differential equations, numerical integration, and one-dimensional
optimization. Various physiological neuronal models are considered, each relating
to a specific neuro-signal (spiking, bursting, etc.). An approach using a grid-based
simulation of the coupled system for each parametric combination on the grid is
introduced. It is then iteratively developed and improved. Afterward, a numerical
continuation of the cycle manifold is discussed. This method based on the bifur-
cation theory of ODEs and DDEs is later applied to the studied problem. Finally,
both approaches are compared from various perspectives.
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Used Notation

For easier orientation in the text, we include a basic list of used notation throughout
the text:

Symbol Meaning

ℝ,ℝ+ set of all real numbers, {𝑥 ∈ ℝ | 𝑥 > 0}
ℕ,ℕ0 set of all natural numbers, ℕ∪ {0}

‖⋅‖𝑘 appropriate (vector, function, etc.)
𝐿𝑘-norm

𝑥, 𝒙, X, 𝐗 scalar, vector, random scalar, random
vector variable, respectively

⟨𝒖, 𝒗⟩ scalar (dot) product between vectors 𝒖
and 𝒗

𝑓, 𝒇 scalar-valued, vector-valued function
𝑓(𝑥)′ first derivative of a scalar-valued function

𝑓 with respect to scalar variable 𝑥
̇𝑥(𝑡), ̇𝒙(𝑡) derivative of a scalar, vector variable

(dependent on time) with respect to time 𝑡
𝑓 (𝑚)(𝑥), 𝒇 (𝑚)(𝑥) 𝑚-th derivatives of a scalar-valued and

vector-valued function with respect to a
scalar variable 𝑥, respectively

∇𝑓,∇𝒇, ∇𝒚𝒇(𝒙, 𝒚) gradient of 𝑓, Jacobian matrix of 𝒇,
Jacobian matrix of 𝒇 with respect to the
2nd vector argument 𝒚

J Jacobian matrix of a corresponding
function 𝒇

ℜ𝑥, ℑ 𝑥 real and imaginary parts of complex
variable 𝑥, respectively

[𝑛] {𝑖 ∈ ℕ|𝑖 ≤ 𝑛} = {1, 2,… , 𝑛 − 1, 𝑛}
𝕏,𝕏𝐶 state space of a dynamical system, often

ℝ𝑛, state space of a semidynamical system,
often 𝐶([−𝜏, 0],𝕏)

𝕋 algebraic structure capturing time for
(semi)dynamical system, often (ℝ, +)

𝑴 monodromy matrix of a cycle
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2 Used Notation

Symbol Meaning

𝒙𝑡 DDE history segment, 𝒙𝑡(𝑠) ∶= 𝒙(𝑡 + 𝑠),
−𝜏 ≤ 𝑠 ≤ 0

∇𝜏𝑖𝒇 Jacobian matrix of 𝒇 with respect to the
state variable corresponding to delay 𝜏𝑖

Inc increment function associated with a
given numerical ODE solver

err, le, lte global, local and local truncation error of
a numerical integration method,
respectively

𝕄,ℐ[𝕄] discretization of a given section of
2-parameter plane to a grid, its 2D indices

ℳ,𝒞 manifold, typically of a cycle, curve
(𝑎, 𝑏⟩ interval from 𝑎 to 𝑏 open on the left and

open or closed on the right
Φ phase condition for a collocation problem

𝖲, 𝖠 solution operator, infinitesimal generator
of a linearized DDE

𝜑 evolution operator of a (semi)dynamical
system

𝒩(𝜇, 𝜎2) normal distribution with expected value 𝜇
and variance 𝜎2

W(𝑡) Wiener process
ℬ Borel 𝜎-algebra



Introduction

LIGHTBULB Tip 1: Web version

This thesis is also available in web version1.

Synchronization is a phenomenon commonly found in nature and, as is often the
case, it takes many shapes and forms from the coordination between neurons in our
brains or fire-fly lights to synchronization found in electrical grids and financial
markets. What started in the 17th century with Huygens’ investigation into the
behavior of two weakly interacting pendulum clocks through a heavy beam, see
[1], has since evolved into a field rich with both theory and applications.

The key application and motivation of this thesis lies, as the name may suggest,
in physiological models of neurons in the brain. Several studies, see [2], [3], [4],
[5], and [6] among others, have shown that fast to ultra-fast ripples (oscillations
of frequencies ranging from 250 Hz to 2000 Hz, or even higher in the case of
ultra-fast oscillations) in intracranial electroencephalographic (iEEG) recordings
measured deep in the brain can be potentially used as biomarkers of epileptogenic
zones of focal epilepsy. Furthermore, there is evidence they correlate with the
severity of epilepsy. Research also suggests that very high-frequency oscillations
(VHFOs) and ultra-fast oscillations (UFOs) are more local, i.e., spatially restricted
than traditional biomarkers, high-frequency oscillations (HFOs), thus providing
better guidance in locating the areas of epilepsy. Fast oscillations lie outside the
realm of physiologically possible frequencies of single neurons. This indicates
another mechanism must be at play, but its identification is an open question in
neuroscience, see [7].

The primary goal of this thesis is to provide insight into a small part of computa-
tional analysis in neuroscience — phase synchronization2 of coupled neurons and
techniques used in its detection and exploration. In particular, we will study two
possible approaches and analyze their strengths and shortcomings.

1https://thesis.uni.zapadlo.name/
2By phase synchronization we mean the state when the difference in phase of the oscillators

remains bounded while, e.g., their amplitudes may differ, see [8].
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4 Introduction

Note that VFHOs and UFOs in the context of coupled neuronal models pose a
very difficult problem from the point of view of applied mathematics. While in
this thesis we only study numerical simulations of neuronal models, colleagues
from the Nonlinear Dynamics team have explored the detection of VHFOs in iEEG
signals, see [9]. Moreover, the scope and focus of the thesis, i.e., computation of
periods (frequencies) and shifts of simulated weakly coupled neuronal models,
arose naturally as an extension of research conducted in the Nonlinear Dynamics
team in the course of the GAMU Interdisciplinary project # MUNI/G/1213/2022.
This research direction was fueled by the necessity of understanding regions and
types of synchrony of coupled neurons in the vicinity of an epileptogenic zone.

First and foremost, we shall introduce the necessary theory. Starting with a the-
oretical introduction to dynamical systems, we then shift our attention to delay
differential equations and semidynamical systems induced by them. A discussion
of methods of numerical integration for both ordinary and delay differential equa-
tions follows. Lastly, 1D optimization methods are studied, together with Newton’s
method, before shortly turning our attention to the models and principles from
computational neuroscience.

In the second chapter, an approach for the computation of phase shift between two
weakly coupled oscillators based on simulations of the corresponding differential
equation is iteratively developed. Starting from a simple, naive algorithm, we
progressively add various concepts to address present issues. We end this thesis by
taking a different route and introducing the theory of localization of equilibria and
periodic orbits. We then use these concepts from bifurcation theory to compute
the phase shifts as continuations of cycles on a specific manifold.

Let us note the thesis is typeset using Quarto [10] and all figures are generated
in Julia [11] using the Makie.jl package [12]. Both HTML and PDF versions are
available. All source code for this thesis (and included numerical computations) is
included in the Git repository3 (if not stated otherwise).

3https://github.com/sceptri/masters-thesis

https://science.math.muni.cz/ndteam/
https://github.com/sceptri/masters-thesis
https://github.com/sceptri/masters-thesis


Chapter 1

Mathematics Behind Dynamics

We have motivated the entire thesis with the usefulness of the knowledge and the
understanding of synchronization in neuroscience. However, we will not describe
any experiments performed on real networks of neurons in a lab. Instead, we
shall deal with the mathematical abstraction for the studied object, e.g., coupled
neurons.

This abstraction is typically called a (mathematical) model. The model should, in
theory, capture all the important characteristics of the underlying reality. If the
state of the model evolves causally in time, e.g., a model of a neuron starts spiking
when evolving in time, with dependence solely on the current state, we often use
a dynamical system as the model. On the other hand, if the governing rules are
noncausal with respect to only the current state due to the dependence on the
history of the system, the arising dynamical system becomes infinite dimensional
(and thus harder to work with). For better “mathematical ergonomics” we will
define a semidynamical system to deal with delayed dependencies.

1.1 A Primer on Dynamical Systems

First and foremost, we will formally introduce the notion of a dynamical system,
along with its properties. This section is mostly based on [13] and [14] in terms
of content. It should be noted the notation follows [15], [16], [17], or [18] for
better compatibility with semidynamical systems. Also, [19] was used as a valuable
inspiration for the structure of this section.

Definition 1.1. Dynamical system (more precisely deterministic dynamical system)
is a triple (𝕋,𝕏,𝜑), where (𝕋, +, ≤), 𝕋 ⊆ ℝ, is an ordered commutative semigroup
with identity element 0, 𝕏 (called state space) is a metric space, and 𝜑 is a continu-

– 5 –



6 Chapter 1. Mathematics Behind Dynamics

ous1 evolution map
𝜑 ∶ 𝕋 × 𝕋 × 𝕏 → 𝕏

(𝑡, 𝑠, 𝑥) ↦ 𝜑(𝑡, 𝑠, 𝑥),

projecting a state 𝑥 from time 𝑠 to time 𝑡, which satisfies

1. (deterministic property): 𝜑(𝑠, 𝑠, 𝑥) = 𝑥 for each 𝑥 ∈ 𝕏 and 𝑠 ∈ 𝕋,
2. (composition property): 𝜑(𝑡, 𝑠, 𝑥) = 𝜑(𝑡, 𝑟, 𝜑(𝑟, 𝑠, 𝑥)) for each 𝑥 ∈ 𝕏 and 𝑡, 𝑟, 𝑠 ∈

𝕋.

If (𝕋, +) forms a group, we shall speak of an invertible dynamical system.

For simplicity, we shall assume the commutative monoid (𝕋, +) is cancellative, i.e.,
𝑎 + 𝑐 = 𝑏 + 𝑐 ⟹ 𝑎 = 𝑏 for each 𝑎, 𝑏, 𝑐 ∈ 𝕋. Then it can be embedded in a
Grothendieck group 𝕋𝐺, see [20].

Definition 1.2. Autonomous dynamical system is a dynamical system such that
the autonomous property,

𝜑(𝑡, 𝑠, 𝑥) = 𝜑(𝑡 + 𝑟, 𝑠 + 𝑟, 𝑥) (1.1)

for each 𝑥 ∈ 𝕏, 𝑡, 𝑠 ∈ 𝕋, and 𝑟 ∈ 𝕋𝐺, is fulfilled.

INFO Note 1: Evolution operator as monoid action

In the case of Definition 1.2, we can always vanish the starting time by taking
𝑟 = −𝑠 in (1.1), which is ensured by 𝑟 ∈ 𝕋𝐺. Then, by abuse of notation, we will
write 𝜑 ∶ 𝕋 × 𝕏 → 𝕏. Moreover, the composition and autonomous properties
combine into the semigroup property,

𝜑(𝑡, 𝜑(𝑠, 𝑥)) = 𝜑(𝑡 + 𝑠, 𝑥) ∀𝑥 ∈ 𝕏, ∀𝑡, 𝑠 ∈ 𝕋,

i.e., the map 𝜑 is a (left) monoid action of (𝕋, +) on 𝕏. The operator 𝜑 is
typically called flow of the dynamical system.

In Definition 1.1, the time set 𝕋 can take on various forms. In ecology, we often
see a discrete 𝕋 = ℤ or ℕ0 representing a yearly intervals between measurements
of our system — given this choice of 𝕋, we call the dynamical system discrete.

On the other hand, in physics (and neuroscience) we typically employ 𝕋 = ℝ or ℝ+

as we are concerned with even the shortest time intervals and associated changes
— corresponding systems are called continuous or continuous-time dynamical
systems. Similarly, the exact choice of the state space 𝕏 is dependent on the system
in question, but typically we use ℝ𝑛, although we will also encounter infinite-
dimensional state space.

The deterministic property in Definition 1.1 guarantees the system does not abruptly
1The evolution map 𝜑 is continuous, if 𝑡, 𝑠 ∈ 𝕋, 𝑥 ∈ 𝕏 and if {(𝑡𝑛, 𝑠𝑛)}𝑛 is a sequence in 𝕋 ×𝕋 and

{𝑥𝑛}𝑛 is a sequence in 𝕏 such that (𝑡𝑛, 𝑠𝑛) → (𝑡, 𝑠) and 𝑥𝑛 → 𝑥, then 𝜑(𝑡𝑛, 𝑠𝑛, 𝑥𝑛) → 𝜑(𝑡, 𝑠, 𝑥).



Chapter 1. Mathematics Behind Dynamics 7

change state. Should this condition be broken, we would call such a system stochas-
tic, see Section 1.1.5. Moreover, a common assumption that the “laws of nature”
do not change over time restricts us to autonomous dynamical systems, which
will be exclusively used in this thesis, where it is captured by the semigroup (or
autonomous) property. In particular, dependence on the past is permitted, but
requires special attention, as we shall see in Section 1.2. If the system is invertible,
the (semi)group property implies that the solution can be found both forward and
backward in time.

Most often, a dynamical system is given implicitly by a differential or difference
equation. For example, in population dynamics, one of the earliest models, the
Verhulst model of population2, can prescribed by an ordinary differential equation
(ODE)

̇𝑥(𝑡) =
d𝑥(𝑡)
d𝑡

= 𝑥(𝑡) ⋅ 𝑟0 ⋅ (1 −
𝑥(𝑡)
𝐾

) , (1.2)

or a difference equation (although these two models are not equivalent)

𝑥(𝑡 + 1) = 𝑥(𝑡) ⋅ 𝑟0 ⋅ (1 −
𝑥(𝑡)
𝐾

) . (1.3)

1.1.1 Basic Concepts
In this section, we shall introduce basic concepts regarding dynamical systems,
including, but not limited to, notions of certain special solutions and their stability.
Little comment besides the definitions themselves will be provided, as an interested
reader can find much more in [14], [21], or [13].

Definition 1.3 (Orbit). An orbit (trajectory)with an initial point 𝑥0 ∈ 𝕏 is an ordered
subset of the state space 𝕏,

𝑂𝑟 (𝑥0) = {𝑥 ∈ 𝕏 | 𝑥 = 𝜑(𝑡, 𝑥0), ∀𝑡 ∈ 𝕋 such that 𝜑(𝑡, 𝑥0) is defined}

In the case of a continuous dynamical system, the orbits are oriented curves in the
state space. For a discrete dynamical system, they become sequences of points in
𝕏.

Definition 1.4 (Phase portrait). A phase portrait of a dynamical system is a parti-
tioning of the state space into trajectories.

Definition 1.5 (Equilibrium). A point 𝑥∗ ∈ 𝕏 is called an equilibrium (fixed point)
if 𝜑(𝑡, 𝑥∗) = 𝑥∗ for all 𝑡 ∈ 𝕋.

Definition 1.6 (Cycle). A cycle is a periodic orbit, namely a non-equilibrium orbit
𝐿, such that each point 𝑥0 ∈ 𝐿 satisfies 𝜑(𝑡 + 𝑇, 𝑥0) = 𝜑(𝑡, 𝑥0) with some 𝑇 > 0, for
all 𝑡 ∈ 𝕋. The smallest admissible 𝑇 is called the period of the cycle 𝐿.

2The equation (1.2) describes the Verhulst model of a population (and its growth, characterized
by 𝑟0) in some closed environment with some finite capacity (controlled by 𝐾).

https://en.wikipedia.org/wiki/Pierre_Fran%C3%A7ois_Verhulst


8 Chapter 1. Mathematics Behind Dynamics

Definition 1.7 (Invariant set). An invariant set of a dynamical system (𝕋,𝕏,𝜑) is a
subset 𝕊 ⊂ 𝕏 which satisfies

𝑥 ∈ 𝕊 ⟹ 𝜑(𝑡, 𝑥) ∈ 𝕊 ∀𝑡 ∈ 𝕋.

Definition 1.8 (𝜔-limit and 𝛼-limit point). A point 𝑥∗ ∈ 𝕏 is called an 𝜔-limit point
(resp. 𝛼-limit point) of the orbit 𝑂𝑟 (𝑥0) starting at 𝑥0 ∈ 𝕏 if their exists a sequence
of times {𝑡𝑘}

∞
𝑘=1 ⊆ 𝕋 with 𝑡𝑘 → ∞ (resp. 𝑡𝑘 → −∞)3, such that

𝜑(𝑡𝑘, 𝑥0) ⟶𝑘→∞
𝑥∗.

Definition 1.9 (𝜔-limit and 𝛼-limit set). A setΩ(𝑂𝑟 (𝑥0)) of all𝜔-limit points of the
orbit 𝑂𝑟 (𝑥0), see Definition 1.8, is called an 𝜔-limit set. Similarly, a set 𝔸(𝑂𝑟 (𝑥0))
of all 𝛼-limit points of the orbit 𝑂𝑟 (𝑥0) is called an 𝛼-limit set.

The set Λ(𝑂𝑟 (𝑥0)) = Ω(𝑂𝑟 (𝑥0)) ∪ 𝔸(𝑂𝑟 (𝑥0)) of all limit points of the orbit 𝑂𝑟 (𝑥0)
is called its limit set.

Definition 1.10 (Limit cycle). A cycle of a continuous-time dynamical system, in a
neighborhood of which there are no other cycles, is called a limit cycle.

INFO Note 2: Equivalent definition of a limit cycle

Equivalently to Definition 1.10, one can define a limit cycle as a cycle, which is
the limit set, see Definition 1.9, of orbits in its neighborhood.

Definition 1.11. An invariant set 𝑆0 is called:

1. Lyapunov stable if for any sufficiently small neighborhood 𝑈 ⊃ 𝑆0 there
exists a neighborhood 𝑉 ⊃ 𝑆0 such that 𝜑(𝑡, 𝑥) ∈ 𝑈 for all 𝑥 ∈ 𝑉 and all 𝑡 > 0;

2. asymptotically stable if there exists a neighborhood 𝑈0 ⊃ 𝑆0 such that
𝜑(𝑡, 𝑥) → 𝑆0 for all 𝑥 ∈ 𝑈0, as 𝑡 → +∞;

3. stable if it is both Lyapunov and asymptotically stable;
4. unstable if it is not stable.

A stable invariant set is called an attractor, whereas if the invariant set is unstable
it is called a repeller.

1.1.1.1 Topologically Equivalent Dynamical Systems

So far, we have described dynamical systems mainly in general terms. Later, we will
present concrete examples of dynamical systems, primarily from the neuroscience
field, see Section 1.4, which will be too complex to apply certain techniques from
bifurcation theory directly. Hence, we introduce the notion of (local) topological
equivalence to remedy this issue.

3For a careful reader, let us note we assume 𝑡𝑘 → ∞ is well-defined, though it might restrict full
generality of Definition 1.1.
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Definition 1.12 (Topological equivalence). A dynamical system 𝔻1 = (𝕋,ℝ𝑛, 𝜑) is
said to be topologically equivalent to a dynamical system 𝔻2 = (𝕋,ℝ𝑛, 𝜓), if there
exists a homeomorphism4 𝒉 ∶ ℝ𝑛 → ℝ𝑛, which maps orbits of system 𝔻1 to orbits of
system 𝔻2, such that their orientation is kept. In such a case, their phase portraits
are called (topologically) equivalent.

Definition 1.13 (Local topological equivalence). A dynamical system
𝔻1 = (𝕋,ℝ𝑛, 𝜑) is said to be locally topologically equivalent in the neighbor-
hood of its equilibrium 𝒙∗ to a dynamical system 𝔻2 = (𝕋,ℝ𝑛, 𝜓) in the
neighborhood of its equilibrium 𝒚∗, if there exists a homeomorphism 𝒉 ∶ ℝ𝑛 → ℝ𝑛,
such that

1. 𝒉 is defined on a (small) neighborhood 𝒪(𝒙∗) ⊂ ℝ𝑛,
2. satisfies 𝒚∗ = 𝒉(𝒙∗) and
3. maps orbits of dynamical system 𝔻1 in the neighborhood 𝒪(𝒙0) to orbits of

system 𝔻2 in the neighborhood 𝒪(𝒚∗), such that their orientation is kept.

1.1.2 Continuous-time Autonomous Systems

Definition 1.14. An autonomous system of (ordinary) differential equations is a system
of the form

̇𝒙 = 𝒇(𝒙), (1.4)

where 𝒙 ∈ 𝕏 = ℝ𝑛 and a vector-valued function 𝒇 ∶ ℝ𝑛 → ℝ𝑛 is sufficiently smooth.
The symbol ̇𝒙 denotes a derivative of 𝒙(𝑡) with respect to time 𝑡 ∈ 𝕋 = ℝ.

It can be shown the system of ODEs (1.4) induces an invertible continuous-time
dynamical system if 𝒇 is sufficiently smooth, see [13] (Theorem 1.4).

In (1.4), we have given the ODE in explicit form, but, in general, it can also be
defined by an implicit higher-order equation

𝑭(𝒙, ̇𝒙, ̈𝒙,… , 𝒙(𝑘)) = 𝟎. (1.5)

Such a system can always be translated into a first-order system of equations

𝑮(𝒚, ̇𝒚) = 𝟎

and, if 𝑭 (or 𝑮, respectively) allows it, even to the explicit form (1.4).

LIGHTBULB Tip 2: Vector field

The function 𝒇 is called a vector field, as it maps a vector 𝒇(𝒙) to each point 𝒙
of the state space. See Figure 1.1 for an example.

4In the context of topology, a homeomorphism (also called a bicontinuous function) is a bijective
and continuous function, such that its inverse is also continuous.
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Figure 1.1: Vector field (or a phase portrait) corresponding to the dynamical system
̇𝑥 = −𝑥, ̇𝑦 = 2𝑦.

Theorem 1.1 (Lyapunov). Consider a dynamical system (1.4) with an equilibrium 𝒙∗.
Let

J∗ = ∇𝒇(𝒙∗) =
⎛⎜⎜⎜⎜⎜⎜
⎝

𝜕𝑓1
𝜕𝑥1

(𝒙∗) 𝜕𝑓1
𝜕𝑥2

(𝒙∗) … 𝜕𝑓1
𝜕𝑥𝑛

(𝒙∗)
𝜕𝑓2
𝜕𝑥1

(𝒙∗) 𝜕𝑓2
𝜕𝑥2

(𝒙∗) … 𝜕𝑓2
𝜕𝑥𝑛

(𝒙∗)
⋮ ⋮ ⋱ ⋮

𝜕𝑓𝑛
𝜕𝑥1

(𝒙∗) 𝜕𝑓𝑛
𝜕𝑥2

(𝒙∗) … 𝜕𝑓𝑛
𝜕𝑥𝑛

(𝒙∗)

⎞⎟⎟⎟⎟⎟⎟
⎠

denote a Jacobian matrix evaluated at 𝒙∗. Then 𝒙∗ is stable, if all eigenvalues 𝜆𝑖, where
𝑖 ∈ [𝑛]5, of the matrix J∗ satisfy ℜ𝜆𝑖 < 0.

Proof. See [22], page 160, or [23], page 185.

Definition 1.15 (Hyperbolic equilibrium). An equilibrium 𝒙∗ of the system (1.4) is
called hyperbolic if none of the eigenvalues corresponding to the Jacobian matrix
J∗ = ∇𝒇(𝒙∗) lies on the imaginary axis.

Theorem 1.2 (Grobman-Hartman). The system (1.4) in a neighborhood of its hyper-
bolic equilibrium 𝒙∗ is locally topologically equivalent, in the sense of Definition 1.13,
to its linearization

̇𝒙 = ∇𝒇(𝒙∗)𝒙. (1.6)

Proof. See [22], page 306, or [23], page 120.

This theorem is very prominently used in conjunction with linear continuous-time

5For conciseness, we use the following notation [𝑛] ∶= {1,… , 𝑛} .
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dynamical systems, i.e.,
̇𝒚 = 𝑨𝒚,

where 𝒚 ∈ ℝ𝑛 and 𝑨 ∈ ℝ𝑛×𝑛, with an equilibrium 𝒚∗. Thus, we can partition the
state space into disjoint linear (vector) subspaces:

• stable subspace 𝔼𝑠 = span {𝒗1,… , 𝒗𝑛−} of dimension 𝑛−, where 𝒗1,… , 𝒗𝑛− are
the eigenvectors of 𝑨 corresponding to eigenvalues with negative real parts;

• unstable subspace 𝔼𝑢 = span {𝒖1,… , 𝒖𝑛+} of dimension 𝑛+, where 𝒖1,… , 𝒖𝑛+

are the eigenvectors of𝑨 corresponding to eigenvalues with positive real parts;
• center subspace 𝔼𝑐 = span {𝒘1,… ,𝒘𝑛0} of dimension 𝑛0, where 𝒘1,… ,𝒘𝑛0

are the eigenvectors of 𝑨 corresponding to strictly imaginary eigenvalues, i.e.,
eigenvalues with zero real part.

Then it holds that 𝑛− + 𝑛+ + 𝑛0 = 𝑛. Similarly, for linear discrete-time dynamical
systems, one can perform an equivalent partitioning, such that 𝔼𝑠 is spanned
by eigenvectors corresponding to eigenvalues lying inside the unit circle (on the
imaginary plane), see Theorem 1.5 below. Furthermore, 𝔼𝑢 and 𝔼𝑐 can be defined
for discrete-time dynamical systems analogously.

Moreover, by Theorem 1.2 we know that these subspaces will be preserved in
some neighborhood of the hyperbolic equilibrium of the nonlinear system (1.4).
Specifically, because the equilibrium is hyperbolic, 𝔼𝑐 = {𝟎}.

1.1.2.1 Lyapunov’s Direct Method

Definition 1.16. A function 𝑉 ∶ ℝ𝑛 → ℝ is called locally positive-definite (LPD) at
𝒙∗, if the following holds:

1. 𝑉(𝒙∗) = 0,
2. 𝑉(𝒙) > 0, 𝒙 ∈ 𝒪 (𝒙∗) ∖ {𝒙∗} for some neighborhood 𝒪(𝒙∗).

If only 𝑉(𝒙) ≥ 0 holds on a neighborhood 𝒪(𝒙∗), then the function is called locally
positive semi-definite (LPSD). Analogously, we can define a locally negative definite
and semi-definite functions.

Definition 1.17 (Lyapunov function). Let 𝝋(𝑡; 𝒙0) be a solution of the system (1.4)
together with the initial 𝒙(0) = 𝒙0. A function 𝑉 ∶ ℝ𝑛 → ℝ is called Lyapunov at
𝒙∗, if 𝑉 is locally positive definite and also ∀𝒙0 ∈ 𝒪 (𝒙∗) is the function 𝑉 ∘ 𝝋(𝑡; 𝒙0)
non-increasing for all 𝑡 > 0.

Moreover, the function𝑉 is called strictly Lyapunov if𝑉∘𝝋(𝑡; 𝒙0) is (strictly) decreasing
for all 𝑡 > 0.

INFO Note 3: Monotonicity of 𝑉 ∘ 𝝋(𝑡; 𝒙0)

Equivalently to requiring a non-increasing 𝑉∘𝝋(𝑡; 𝒙0), one can instead demand
the derivatives with respect to the trajectories of 𝑉, i.e., 𝑉̇(𝒙(𝑡)), to be non-positive.
In other words, the derivative w.r.t. the trajectories 𝑉̇ must be locally negative
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semi-definite.

Theorem 1.3 (Lyapunov’s direct method). If 𝒙∗ is an equilibrium of the system (1.4)
and 𝑉 is a Lyapunov function for the system at 𝒙∗, then 𝒙∗ is Lyapunov stable. If, in
addition, 𝑉 is a strict Lyapunov function, then 𝒙∗ is stable.

Proof. See [22], page 24.

1.1.3 Discrete Dynamical Systems
Definition 1.18. An autonomous system of difference equations is a system of the
form

𝒙 ↦ 𝒇(𝒙) ⟺ 𝒙𝑚+1 = 𝒇(𝒙𝑚), (1.7)

where 𝒙, 𝒙𝑚 ∈ 𝕏 = ℝ𝑛 and the function 𝒇 ∶ ℝ𝑛 → ℝ𝑛 is sufficiently smooth.

The system (1.7) induces a discrete-time autonomous dynamical system.

Theorem 1.4 (Lyapunov, analogous to Theorem 1.1). Consider a dynamical system
(1.7) with a fixed point 𝒙∗. Let J∗ = ∇𝒇(𝒙∗) denote the Jacobian matrix evaluated at 𝒙∗.
Then 𝒙∗ is stable, if all eigenvalues6 𝜆𝑖, where 𝑖 ∈ [𝑛], of the matrix J∗ satisfy |𝜆𝑖| < 1.

Proof. See [24], page 222.

Definition 1.19 (Hyperbolic fixed point). A fixed point 𝒙∗ of the system (1.7) is
called hyperbolic if none of the eigenvalues corresponding to the Jacobian matrix
J∗ = ∇𝒇(𝒙∗) have unit magnitude.

Theorem 1.5 (Grobman-Hartman, analogous to Theorem 1.2). The system (1.7) is
locally topologically equivalent in the neighborhood of its hyperbolic fixed point 𝒙∗ to
its linearization

𝒙 ↦ ∇𝒇(𝒙∗)𝒙.

Proof. See [22], page 311.

Example 1.1 (Fixed points of two-dimensional discrete-time dynamical system).
As an example, consider a two-dimensional discrete-time dynamical system

𝒙𝑚+1 = 𝒇(𝒙𝑚), (1.8)

where 𝒙𝑚 = (𝑥𝑚,1, 𝑥𝑚,2)⊤ and 𝒇 ∶ ℝ2 → ℝ2 is smooth. Moreover, let us assume
there exists a hyperbolic equilibrium 𝒙∗ = 𝒇(𝒙∗) of the system (1.8) and let J∗ =
∇𝒇(𝒙∗) denote the corresponding Jacobian matrix evaluated at 𝒙∗. Then J∗ has two
eigenvalues 𝜆1, 𝜆2, which satisfy

det (J∗ − 𝜆𝑰2) = 𝜆2 − tr J∗𝜆 + det J∗.
6Eigenvalues of fixed points of discrete-time dynamical systems are often called multipliers, see

[19].
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Here, 𝐼2 corresponds to a 2-by-2 identity matrix, tr J∗ = 𝜆1 + 𝜆2 is the trace of the
determinant and finally, det J∗ = 𝜆1𝜆2 denotes the determinant of J∗.

By Theorem 1.5, we know that the system (1.8) is locally topologically equivalent to
its linearization in a neighborhood of its hyperbolic fixed point 𝒙∗. Interestingly, we
can classify the said fixed point based on the number of stable (and unstable) eigen-
vectors of the corresponding J∗, i.e., the classification is based on the dimensions of
𝔼𝑠, 𝔼𝑢 and 𝔼𝑐 of the partitioning of the state space per linearization.

A fixed point is classified as a sink, when both eigenvalues are real with a modulus
below 1. Similarly, it is called a spiral sink if both eigenvalues are complex with
modulus less than 1. Should one eigenvalue have modulus below 1 and the other
modulus greater than 1, the resulting fixed point is a saddle. Finally, an equilibrium
is a source, resp. spiral source, when both eigenvalues have modulus above 1 and
are real, resp. complex. For an overview, see Figure 1.2.

Figure 1.2: Orbits near different equilibria of a linear discrete-time dynamical
system (time flows from blue to red).

For completeness’ sake, we give a classical result from the theory of ODEs concern-
ing the existence, uniqueness, and smooth dependence on the initial conditions of
the solution for a given ODE.

Theorem 1.6 (Existence, uniqueness, and smooth dependence). Consider a system
of ordinary differential equations

̇𝒙 = 𝒇(𝒙), 𝒙 ∈ ℝ,

where 𝒇 ∶ ℝ𝑛 → ℝ𝑛 is smooth in an open region𝑈 ⊂ ℝ𝑛. Then there is a unique function
𝒙 = 𝒙(𝑡, 𝒙0), 𝒙 ∶ ℝ1 × ℝ𝑛 → ℝ𝑛, that is smooth in (𝑡, 𝑥), and satisfies, for each 𝒙0 ∈ 𝑈,
the following conditions:

1. 𝒙(0, 𝒙0) = 𝒙0;
2. there is an interval ℐ = (−𝛿1, 𝛿2), where 𝛿1,2 = 𝛿1,2(𝒙0) > 0, such that, for all

𝑡 ∈ ℐ,
𝒚(𝑡) = 𝒙(𝑡, 𝒙0) ∈ 𝑈,

and
̇𝒚(𝑡) = 𝒇(𝒚(𝑡)).

Proof. See [21], page 94.
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1.1.4 Poincaré Map

The study of continuous-time dynamical systems naturally leads to discrete-time
dynamical systems. One possible route is via sampling the continuous orbit at
discrete times, e.g., separated by Δ𝑡 which induces a time-shift map. Another way
to obtain a discrete-time dynamical system from a continuous-time one is through
a so-called Poincaré map.

Consider a continuous-time dynamical system of the form

̇𝒙 = 𝒇(𝒙), 𝒙 ∈ ℝ𝑛, (1.9)

where 𝒇 is smooth and assume that (1.9) has a periodic orbit 𝐿0. Let 𝒙0 be a point
on 𝐿0 and denote Σ the cross-section to the cycle at this point, see Figure 1.3.

P
𝐱₀

P(𝐱)

𝐱
𝚺

L₀

Figure 1.3: Poincaré map corresponding to the system (1.9), the cycle 𝐿0 and its
point 𝒙0.

The cross-section Σ is a smooth hypersurface of dimension 𝑛 − 1 (thus we say
codimΣ = 1, i.e., the cross-section hypersurface Σ is of codimension one), which
intersects 𝐿0 at a nonzero angle. The nonzero angle requirement is called the
transversality condition, which effectively dictates that the hypersurface is not
parallel to a through-going trajectory, thus the trajectory truly intersects the cross-
section Σ.

Consider now orbits of (1.9) near the cycle 𝐿0 and recall that the cycle 𝐿0 itself
is an orbit which starts at point 𝒙0 on Σ and returns to the same point on Σ. As
Theorem 1.6 guarantees, the solution of (1.9) depends smoothly on its initial
condition, an orbit starting at 𝒙 ∈ Σ sufficiently close to 𝒙0 will transversally
intersect the hypersurface Σ at some other point ̃𝒙 near 𝒙0. Therefore, this induces
a map 𝑷 ∶ Σ → Σ,

𝒙 ↦ ̃𝒙 = 𝑷(𝒙).

Definition 1.20 (Poincaré map). The map 𝑷 defined above is called a Poincaré map
associated with the cycle 𝐿0.
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Similarly, we can characterize the Poincaré map 𝑷 using local coordinates 𝝃 =
(𝜉1,… , 𝜉𝑛−1) on Σ, such that the choice 𝝃 = 𝟎 corresponds to 𝒙0. Then the Poincaré
map can be locally defined as a function 𝑷 ∶ ℝ𝑛−1 → ℝ𝑛−1, which maps 𝝃 corre-
sponding to 𝒙 to ̃𝝃 corresponding to ̃𝒙, i.e.,

𝑷(𝝃) = ̃𝝃.

In other words, the Poincaré map 𝑷 prescribes a discrete-time dynamical system
on the hypersurface Σ. Its origin 𝝃 = 𝟎 is a fixed point of this mapping. To our
advantage, the stability of the underlying cycle 𝐿0 is then equivalent to the stability
of the fixed point 𝝃0 = 𝟎. By Theorem 1.4, we know the cycle is thus stable if
all eigenvalues (also called multipliers) 𝜇1,… , 𝜇𝑛−1 of the (𝑛 − 1) × (𝑛 − 1) Jacobian
matrix of 𝑷,

J𝑷 = ∇𝝃𝑷(𝝃0),

are located inside the unit circle ‖𝝁‖ = 1. The Poincaré map will throughout
this thesis paint itself as a powerful tool in the bifurcation analysis of dynamical
systems, and the following lemma hints at its usefulness.

Lemma 1.1. The multipliers 𝜇1,… , 𝜇𝑛−1 of the Jacobian matrix J𝑷 of the Poincaré map
𝑷 associated with a cycle 𝐿0 are independent of the point 𝒙0 on 𝐿0, the cross-section Σ,
and local coordinates on it.

Proof. See [13], page 27.

Consider now the cycle 𝐿0 and let 𝒙0(𝑡) denote its corresponding periodic solution
of (1.9) with the period 𝑇0, i.e., 𝒙0(𝑡 + 𝑇0) = 𝒙0(𝑡). Then any solution 𝒙(𝑡) of (1.9)
can be written as

𝒙(𝑡) = 𝒙0(𝑡) + 𝒖(𝑡),

where 𝒖(𝑡) stands for the deviation of the solution from the referential periodic
solution. Then,

𝒖̇(𝑡) = ̇𝒙(𝑡) − ̇𝒙0(𝑡)
= 𝒇(𝒙0(𝑡) + 𝒖(𝑡)) − 𝒇(𝒙0(𝑡))
= J(𝑡)𝒖(𝑡) + 𝑂(‖𝒖(𝑡)‖2).

Omitting 𝑂(‖𝒖(𝑡)‖2) terms gives us a linear 𝑇0-periodic system

𝒖̇ = J(𝑡)𝒖, 𝒖 ∈ ℝ𝑛, (1.10)

where J(𝑡) = ∇𝒙𝒇(𝒙0(𝑡)) and J(𝑡 + 𝑇0) = J(𝑡).

Definition 1.21. System (1.10) is called the variational equation about the cycle 𝐿0.

As the variational equation describes the evolution of perturbations in the proximity
of the cycle 𝐿0, its stability naturally depends on the properties of the variational
equation.
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Definition 1.22. The time-dependent matrix 𝑴(𝑡) is called the fundamental matrix
solution of (1.9) if it satisfies

𝑴̇ = J(𝑡)𝑴,

with the initial condition 𝑴(0) = 𝑰𝑛. The matrix 𝑴(𝑇0) is called a monodromy
matrix of the cycle 𝐿0.

Theorem 1.7 (Floquet exponents). The monodromy matrix 𝑴(𝑇0) has eigenvalues
(called Floquet exponents or multipliers)

1, 𝜇1,… , 𝜇𝑛−1,

where 𝜇𝑖 are the multipliers of the Poincaré map 𝑷 associated with the cycle 𝐿0, see
Lemma 1.1.

Proof. See [13], page 30, for a sketch of the proof.

1.1.5 Stochastic Dynamical Systems
So far, we have only considered deterministic dynamical systems. Their defining
feature was the absence of abrupt changes, i.e., the total lack of randomness. Con-
trastingly, in practice one has to constantly deal with noise in measurements of the
studied system. This effectively results in a stochastic dynamical system induced
by the stochastic random process arising from the measurements. Let us note this
section is primarily based on [25].

Let us first introduce the necessary theory of stochastic analysis.

Definition 1.23 (Stochastic process). Let (Ω,𝒜, 𝑃) be a probability space and
𝕋 ⊆ ℝ some index set of times. Then random/stochastic process {X(𝑡, 𝜔); 𝑡 ∈ 𝕋} is
a mapping

X ∶ 𝕋 × Ω → ℝ,

which is 𝒜-measurable, i.e.,7

∀𝑡 ∈ 𝕋, ∀𝐵 ∈ ℬ ∶ {𝜔 ∈ Ω ∶ X(𝑡, 𝜔) ∈ 𝐵} ∈ 𝒜.

For a fixed 𝜔 ∈ Ω, the mapping X(𝑡) = X(𝑡, 𝜔) is called a trajectory. Similarly, for a
fixed 𝑡 ∈ 𝕋 the resulting X(𝜔) = X(𝑡, 𝜔) is a random variable.

Definition 1.24 (Wiener process). Wiener process, sometimes also called Brown-
ian motion, is a random process {W(𝑡, 𝜔); 𝑡 ≥ 0} satisfying

1. W(0,𝜔) = 0,
2. trajectories are almost surely continuous, i.e.,

𝑃({𝜔 ∈ Ω ∶ trajectory 𝑡 ↦ W(𝑡, 𝜔) is discontinuous}) = 0,

7We denote ℬ the set of all Borel sets, i.e., Borel 𝜎-algebra.
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3. for all 0 ≤ 𝑠1 < 𝑡1 ≤ 𝑠2 < 𝑡2⋯ ≤ 𝑠𝑘 < 𝑡𝑘 ≤ ⋯, the increments of Wiener
process

{ΔW1(𝜔), ΔW2(𝜔),… }
are stochastically independent random variables with Gaussian probability
distribution

ΔW𝑘 ∼ 𝒩(0, 𝑡𝑘 − 𝑠𝑘) ,
where ΔW𝑘(𝜔) = W(𝑡𝑘, 𝜔) −W(𝑠𝑘, 𝜔) for 𝑘 = 1, 2,⋯.

Theorem 1.8 (Properties of Wiener process). Let {W(𝑡); 𝑡 ≥ 0} be Wiener process.
Then, for all 𝑡, 𝑠 ≥ 0, it holds8

1. 𝜇(𝑡) = 0,
2. 𝛾(𝑡, 𝑡) = 𝑡,
3. W(𝑡) ∼ 𝒩(0, 𝑡),
4. 𝛾(𝑠, 𝑡) = min {𝑠, 𝑡},
5. 𝜌(𝑠, 𝑡) = √min{𝑠,𝑡}

max{𝑠,𝑡} .

Proof. See [25], page 28.

In other words, in Definition 1.23, we have constructed a process that selects a
random trajectory with each sample. Moreover, we have defined in Definition 1.24
a special process that is almost always continuous everywhere but differentiable
nowhere (not unlike the Weierstrass function) with stochastically independent
increments on disjunct intervals!

Our goal in this endeavour is to construct a sensible calculus on stochastic processes,
which we could then use to understand deterministic dynamical systems perturbed
by (small) stochastic noise. Let us consider a (trivial) differential equation (mainly
focus on the differential formulation)

d𝑥(𝑡)
d𝑡

= 𝑎𝑥(𝑡) ⟺ d𝑥(𝑡) = 𝑎𝑥(𝑡)d𝑡,

which has the solution 𝑥(𝑡) = 𝑒𝑎𝑡, where 𝑥(𝑡) often represents size of some popula-
tion. Taking 𝑎 = 𝑟 + 𝜎ε(𝑡, 𝜔), where ε(𝑡, 𝜔) is a random process, the population size
now becomes a random variable,

dX(𝑡, 𝜔) = (𝑟 + 𝜎ε(𝑡, 𝜔)) X(𝑡, 𝜔)d𝑡,

which is a stochastic differential equation (SDE). For a moment, let us use differ-
ences instead of differentials, i.e.,

ΔX(𝑡, 𝜔) = (𝑟 + 𝜎ε(𝑡, 𝜔)) X(𝑡, 𝜔)Δ𝑡
= 𝑟X(𝑡, 𝜔)Δ𝑡 + 𝜎X(𝑡, 𝜔) ε(𝑡) Δ𝑡⏟⏟⏟⏟⏟⏟⏟

ΔZ(𝑡)

.

8Let us note 𝛾(𝑠, 𝑡) = cov(X(𝑠), X(𝑡)) = 𝔼 ((X(𝑠) − 𝔼X(𝑠))(X(𝑡) − 𝔼X(𝑡))) denotes the autocovariance
function and 𝜌(𝑠, 𝑡) = cor(X(𝑠), X(𝑡)) = cov(X(𝑠),X(𝑡))

√varX(𝑠) varX(𝑡)
the autocorrelation function of a stochastic

process 𝑋(𝑡).
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What is the form of the random processZ(𝑡), such thatΔZ(𝑡) = ε(𝑡) Δ𝑡, where ε(𝑡) is a
Gaussian white noise? To a careful reader, this may seem at least a little reminiscent
of the Wiener process. In other words, differences Δ𝑍(𝑡) are Gaussian white noise9
and if we require (almost sure) continuity and Z(0) = 0, we get that Z(𝑡) is the
Wiener process — that is, ΔW(𝑡) has the same properties as ε(𝑡)Δ𝑡. With the limit
transition limΔ𝑡→0 in the 𝐿2 sense we get, arguably after much more mathematics,

dW(𝑡) = ε(𝑡)d𝑡,

which can be understood as a distributional derivative. Now let us return to the
original stochastic differential equation, that now becomes

dX(𝑡, 𝜔) = 𝑟X(𝑡, 𝜔)d𝑡 + 𝜎X(𝑡, 𝜔)
dW(𝑡)

⏞⏞⏞⏞⏞⏞⏞⏞⏞ε(𝑡, 𝜔)d𝑡,

which we are tasked with solving for a random process X(𝑡), 𝑡 ≥ 0, that satisfies
this SDE. This rather simple SDE prescribes so-called geometric Brownian motion.
In general, a random process X(𝑡) is called Itô process, if it is a solution to

dX(𝑡) = U(𝑡)d𝑡 + V(𝑡)dW(𝑡), X(0) = X0,

where U(𝑡, 𝜔), V(𝑡, 𝜔) are random processes satisfying certain conditions and X0 is
required to have finite second moment.

1.2 Dynamical Systems with Delays
To understand how delays influence dynamical systems and define a semidynamical
system, we have to generalize our notion of a differential equation. Thismodification
will rely on introducing a deviating argument, i.e., some of the derivatives of the
differential equation will be evaluated at different argument values. This section
will be primarily sourced from [26], [27], [28], [29], [18], and [16].

1.2.1 Functional Differential Equations
So far, we have mainly discussed ordinary differential equations, which are equations
relating the values of an unknown function and some of its derivatives at a single
and the same argument value, see (1.4) and (1.5), e.g., 𝐹(𝑡, 𝑥, ̇𝑥, ̈𝑥) = 0.

In contrast, a functional equation (FE) is an equation connecting outputs of an
unknown function evaluated at different argument values. As an example, 𝑥(−𝑡) +
3𝑥(2𝑡) = 0, 𝑥(𝑥(𝑡)) = 𝑥(𝑡) + 2, and 𝑥(𝑡) = 𝑡𝑥(𝑡 + 1) − (𝑥(𝑡 − 2))3 are all examples of
functional equations. The differences between the argument values of an unknown
function and 𝑡 (its “default” argument) in an FE are called argument deviations. If
all argument deviations are constant (like in the last example shown above), then
the FE is called a difference-functional equation.

9A random variable is called Gaussian white noise if it has normal distribution with zero mean.
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Although we have so far shown only examples of FEs with discrete (or concentrated)
argument deviations, another possibility is FEs with continuous and mixed (both
continuous and discrete) argument deviations. They are called integral and integral-
functional (or integral-difference) equations.

We can further combine these notions of ordinary differential equations and func-
tional equations, yielding in the process functional differential equations (FDEs).
FDEs can also contain discrete, continuous, or mixed argument deviations. Thus,
one can introduce differential-difference equations, and integro-differential equations
in a similar way as seen above.

The aforementioned generalization in its full form leads to functional differential
equations — equations describing the relation between the unknown function and
some of its derivatives for, in general, different argument values. Our main subject
of study will be a subclass of differential-difference equations called the functional
differential equations with aftereffects, which are of the form

𝒙(𝑚)(𝑡) = 𝒇 (𝑡, 𝒙(𝑚1)(𝑡 − 𝜏1(𝑡)),… , 𝒙(𝑚𝑘)(𝑡 − 𝜏𝑘(𝑡))) ,

where 𝒙(𝑡) ∈ ℝ𝑛, 𝑚1,… ,𝑚𝑘 ≥ 0, and 𝜏1(𝑡),… , 𝜏𝑘(𝑡) ≥ 0. They can be further
classified as:

• retarded FDEs (RFDEs) or equivalently delay differential equations (DDEs), if
max {𝑚1,… ,𝑚𝑘} < 𝑚;

• neutral FDEs (NFDEs), if max {𝑚1,… ,𝑚𝑘} = 𝑚;
• advanced FDEs (AFDEs), if max {𝑚1,… ,𝑚𝑘} > 𝑚.

Let us also note that the argument deviations can, in theory, be dependent on
the state, e.g., ̇𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑥(𝑡 − ℎ(𝑡, 𝑥(𝑡)))), but we shall omit them from our
considerations.

Fire Caution 1: Note on naming convention

For clarity and brevity, throughout this thesis RFDEs with (discrete) constant
delays will be called delay differential equations (DDEs), although the term can
be more general in other literature.

1.2.2 Method of Steps
All throughout this work, we shall see many parallels between ODEs and DDEs.
While their connection is intricate and would require a more thorough discussion,
one way it can be partly understood is via the method of steps — a way of solving
delay differential equations. This subsection is mainly based on [18] and [30].

To begin gently, we will start with a simple case of 𝑥 ∈ ℝ. Let us thus consider a
nonlinear DDE of the form

̇𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑥(𝑡 − 𝑟)) (1.11)
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with a single delay 𝑟 > 0. Assume that 𝑓(𝑡, 𝑥, 𝑦) and 𝑓𝑥(𝑡, 𝑥, 𝑦) are continuous on ℝ3.
Let 𝑠 ∈ ℝ and a continuous history function 𝜙 ∶ [𝑠 − 𝑟, 𝑠] → ℝ be given. We aim to
find a solution of (1.11) such that

𝑥(𝑡) = 𝜙(𝑡), 𝑠 − 𝑟 ≤ 𝑡 ≤ 𝑠 (1.12)

and satisfying (1.11) on 𝑠 ≤ 𝑡 ≤ 𝑠 + 𝜎 for some 𝜎 > 0. As a careful reader might
notice, we must interpret ̇𝑥(𝑠) as a right-hand derivative at 𝑠, i.e., ̇𝑥(𝑠)+.

The system of equations (1.11) and (1.12) can now be solved with the so-called
method of steps as follows. For 𝑠 ≤ 𝑡 ≤ 𝑠 + 𝑟, 𝑥(𝑡) must satisfy the initial-value
problem (IVP) for the following ODE:

̇𝑦(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝜙(𝑡 − 𝑟))⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑔(𝑡,𝑦)

, 𝑦(𝑠) = 𝜙(𝑠), 𝑠 ≤ 𝑡 ≤ 𝑠 + 𝑟.

From the continuity of 𝑓 and 𝑓𝑥 immediately follows the continuity of 𝑔 and 𝑔𝑦,
thus the existence of a unique local solution is guaranteed by classic results from
the ODE theory, see, for example, [22]. Moreover, if this local solution 𝑥(𝑡) exists
on the entire interval 𝑠 ≤ 𝑡 ≤ 𝑠 + 𝑟, then, together with the history 𝜙, we know
the solution 𝑥(𝑡) of (1.11)-(1.12) on [𝑠 − 𝑟, 𝑠 + 𝑟] and we may repeat the presented
argument to extend our solution to the right. Indeed, considering now the interval
𝑠 + 𝑟 ≤ 𝑡 ≤ 𝑠 + 2𝑟, a solution of 𝑥(𝑡) of (1.11)-(1.12) must now satisfy the following
ODE problem:

̇𝑦(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑥(𝑡 − 𝑟)), 𝑠 + 𝑟 ≤ 𝑡 ≤ 𝑠 + 2𝑟,
𝑦(𝑠 + 𝑟) = 𝑥(𝑠 + 𝑟).

(1.13)

Just as before, the continuity of 𝑓 and 𝑓𝑥 yields a locally unique solution called, by
abuse of notation, again 𝑥(𝑡), defined on some subinterval [𝑠 + 𝑟, 𝜎) ⊂ [𝑠 + 𝑟, 𝑠 + 2𝑟]
or, possibly, the entire interval. Naturally, 𝑥(𝑡), now existing on [𝑠 − 𝑟, 𝜎) where
𝜎 > 𝑠 + 𝑟, is again a solution of (1.11)-(1.12). Finally, if the solution exists on the
entire interval [𝑠 + 𝑟, 𝑠 + 2𝑟] we can perform another step, i.e., repeat this procedure,
to extend 𝑥(𝑡) further to the right to [𝑠 + 2𝑟, 𝑠 + 3𝑟] or some subinterval.

Theorem 1.9 (Single-delay method of steps on ℝ). Let 𝑓(𝑡, 𝑥, 𝑦) and 𝑓𝑥(𝑥, 𝑦, 𝑡) be
continuous on ℝ3, 𝑠 ∈ ℝ, and let 𝜙 ∶ [𝑠 − 𝑟, 𝑠] → ℝ be continuous history function. Then
there exists 𝜎 > 𝑠 and a unique solution of the initial-value problem (1.11)-(1.12) on
[𝑠 − 𝑟, 𝜎]

Proof. Follows directly from the calculations above.

A careful reader might notice that Theorem 1.9 guarantees only a local solution,
but we might want a solution for any 𝑡 ≥ 𝑠. We will use the notation [𝑠 − 𝑟, 𝜎⟩ to
denote either the right-open interval, [𝑠 − 𝑟, 𝜎), or the right-closed one, [𝑠 − 𝑟, 𝜎].

From the uniqueness follows that for two solutions 𝑥(𝑡) on [𝑠 − 𝑟, 𝜎⟩ and ̂𝑥(𝑡) on
[𝑠 − 𝑟, 𝜌⟩, the equality 𝑥(𝑡) = ̂𝑥(𝑡) must hold for all 𝑡, such that both sides of the
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equality are defined. Moreover, if [𝑠 − 𝑟, 𝜎⟩ ⊂ [𝑠 − 𝑟, 𝜌⟩, then ̂𝑥 is called an extension
of 𝑥 and we write 𝑥 ⊂ ̂𝑥.

One can prove there exists a unique maximally defined solution, i.e., one for which
there are no extensions, 𝑥 ∶ [𝑠 − 𝑟, 𝜎) → ℝ, similarly as for ODEs, for 𝜎 ∈ ℝ ∪ {∞}.
Such a solution is called non-extendable and is necessarily defined on a right-open
interval [𝑠 − 𝑟, 𝜎). Indeed, if 𝜎 < ∞ and 𝑥 were a solution on [𝑠 − 𝑟, 𝜎], then, by
Theorem 1.9, it could be extended to a larger interval, which contradicts non-
extendability of 𝑥.

Theorem 1.10 (Finite-time blow-up). Let 𝑓 satisfy the conditions of Theorem 1.9 and
let 𝑥 ∶ [𝑠 − 𝑟, 𝜎) → ℝ, 𝜎 ∈ ℝ ∪ {∞}, be the non-extendable solution of the initial value
problem (1.11)-(1.12). If 𝜎 < ∞, then

lim
𝑡→𝜎−

|𝑥(𝑡)| = ∞.

Proof. See [18], page 26.

INFO Note 4: On multiple delays and 𝒙 ∈ ℝ𝑛

One can rather easily show that Theorem 1.9 and Theorem 1.10 extend to the
case of 𝒙(⋅) ∈ ℝ𝑛 and 𝒇 ∶ ℝ×ℝ𝑛×ℝ𝑛 → ℝ𝑛. Similarly, it can also be generalized
to multiple discrete delays 𝑟1 < ⋯ < 𝑟𝐻 where

𝒇 = 𝒇(𝑡, 𝒚(𝑡), 𝒚(𝑡 − 𝑟1),… , 𝒚(𝑡 − 𝑟𝐻))

with little to no change.

So far, we have presented a method to calculate the solution of the IVP given by
(1.11) and (1.12). Per Note 4, we can slightly generalize the studied equation and
consider

̇𝒙(𝑡) = 𝒇(𝑡, 𝒙(𝑡), 𝒙(𝑡 − 𝑟)), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓,
𝒙(𝑡) = 𝝓(𝑡), 𝑡 ≤ 𝑡0,

} (1.14)

where 𝒙(⋅) ∈ ℝ𝑛 and 𝒇 ∶ [𝑡0, 𝑡𝑓] × ℝ𝑛 × ℝ𝑛 → ℝ𝑛. From the discussion above
follows that a unique solution exists for continuously differentiable function 𝒇.
Together with (1.14), we further obtain that 𝒙(⋅) is also differentiable on each
interval (𝑡0 + 𝑘𝑟, 𝑡0 + (𝑘 + 1)𝑟) ⊆ (𝑡0, 𝑡𝑓) for appropriate 𝑘 ∈ ℕ0. Moreover, 𝒙(⋅) is
necessarily continuous on [𝑡0, 𝑡𝑓] by (1.13) and Theorem 1.9.

However, the initial history function𝝓might not link smoothly to the actual solution
𝒙, i.e.,

𝝓̇(𝑡0)− ≠ ̇𝒙(𝑡0)+ = 𝒇(𝑡0, 𝝓(𝑡0), 𝝓(𝑡0 − 𝑟)), (1.15)

where 𝝓̇(⋅)− denotes the left derivative of 𝝓 with respect to 𝑡 at 𝑡0 and analogously
for ̇𝒙(𝑡0)+. As such, the discontinuity is then propagated to 𝑡0 + 𝑟, where, if 𝒇 and 𝝓
are continuous, ̇𝒙 is now continuous but not differentiable. In general, the number
and location of discontinuity points depends, in principle, on the so-called deviated



22 Chapter 1. Mathematics Behind Dynamics

arguments,
𝛼(𝑡) = 𝑡 − 𝑟(𝑡, 𝒙(𝑡)), (1.16)

where we assume a more general version of (1.14) with ̇𝒙(𝑡) = 𝒇(𝑡, 𝒙(𝑡), 𝒙(𝛼(𝑡))). For
our purposes, we have 𝛼(𝑡) = 𝑡 − 𝑟 (then 𝛼 ∈ 𝐶∞(ℝ)).

Definition 1.25 (Vanishing delay). Consider the generalized version of (1.14) with
̇𝒙(𝑡) = 𝒇(𝑡, 𝒙(𝑡), 𝒙(𝛼(𝑡))). Then we say such system has a vanishing delay, if there

exists a point 𝑠 ∈ (𝑡0, 𝑡𝑓) such that the delay 𝛼(𝑡) vanishes, i.e.,

𝛼(𝑠) = 𝑠.

Theorem 1.11. Suppose 𝑠 is a vanishing delay point of (1.14) with ̇𝒙(𝑡) =
𝒇(𝑡, 𝒙(𝑡), 𝒙(𝛼(𝑡))) and 𝛼 is continuous. Moreover assume (1.15) holds, i.e., the history
𝝓 does not link smoothly to the actual solution 𝒙. Then, there are infinitely many
discontinuity points in any left neighborhood of 𝑠.

Proof. See [30], page 24.

Should 𝒇,𝝓 and𝛼 be also differentiable, then ̈𝒙(𝑡) exists for any 𝑡 except the solutions
𝑠1,𝑖 ∈ (𝑡0, 𝑡𝑓) of

𝛼(𝑠1,𝑖) = 𝑡0 & 𝛼′(𝑠1,𝑖) ≠ 0, (1.17)

i.e., the simple roots of 𝛼(𝑠) − 𝑡0 = 0. We call 𝑠1,𝑖 the first level primary discontinuities
(of 𝒙(⋅)). Indeed, for any smooth function 𝒇(𝑡, 𝒙, 𝝃) we can formally write (see (1.14)
and (1.16))

̈𝒙(𝑡)± = ∇𝑡𝒇(𝑡, 𝒙(𝑡), 𝒙(𝛼(𝑡)))
+ ∇𝒙𝒇(𝑡, 𝒙(𝑡), 𝒙(𝛼(𝑡))) ̇𝒙(𝑡)
+ ∇𝝃𝒇(𝑡, 𝒙(𝑡), 𝒙(𝛼(𝑡))) ̇𝒙(𝛼(𝑡))±𝛼′(𝑡),

(1.18)

therefore by (1.17)

̈𝒙(𝑠1,𝑖)+ = ∇𝑡𝒇(𝑠1,𝑖, 𝒙(𝑠1,𝑖), 𝒙(𝑡0))
+ ∇𝒙𝒇(𝑠1,𝑖, 𝒙(𝑠1,𝑖), 𝒙(𝑡0)) ̇𝒙(𝑠1,𝑖)
+ ∇𝝃𝒇(𝑠1,𝑖, 𝒙(𝑠1,𝑖), 𝒙(𝑡0)) ̇𝒙(𝑡0)+𝛼′(𝑠1,𝑖)

(1.19)

and
̈𝒙(𝑠1,𝑖)− = ∇𝑡𝒇(𝑠1,𝑖, 𝒙(𝑠1,𝑖), 𝒙(𝑡0))

+ ∇𝒙𝒇(𝑠1,𝑖, 𝒙(𝑠1,𝑖), 𝒙(𝑡0)) ̇𝒙(𝑠1,𝑖)
+ ∇𝝃𝒇(𝑠1,𝑖, 𝒙(𝑠1,𝑖), 𝒙(𝑡0))𝝓̇(𝑡0)−𝛼̇(𝑠1,𝑖).

(1.20)

By comparing (1.19) and (1.20) using (1.15), we show that ̈𝒙(𝑠1,𝑖)+ ≠ ̈𝒙(𝑠1,2)−, i.e., the
second derivative of 𝒙(⋅) has a jump discontinuity at 𝑠1,𝑖 as we claimed. Furthermore,
by differentiating (1.18) we obtain that 1-level primary discontinuities propagate to
2-level primary discontinuities in ⃛𝒙(⋅) at any point 𝑠2,𝑗 > 𝑠1,𝑖, such that 𝑠2,𝑗 is a simple
root of 𝛼(𝑠) − 𝑠1,𝑖 = 0 for some 𝑖.
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In other words, if 𝒇 is smooth and 𝝓 is differentiable for (1.14), then 𝑡0 + 𝑟 is the
only 1-level primary discontinuity, 𝑡0 + 2𝑟 is the 2-level primary discontinuity,
etc. Therefore, the solution 𝒙(𝑡) of (1.14) is progressively smoother as the primary
discontinuity level increases, i.e., as we go forward in time. This phenomenon is
often called the smoothing of the solution of a DDE.

1.2.3 Notes on Delay Differential Equations
Consider a DDE of the form

̇𝒙(𝑡) = 𝒇(𝑡, 𝒙(𝑡), 𝒙(𝑡 − 𝜏1),… , 𝒙(𝑡 − 𝜏𝐻)), (1.21)

with 0 = 𝜏0 < 𝜏1 < ⋯ < 𝜏𝐻. For brevity, we will denote 𝜏 ∶= 𝜏𝐻 and

𝒙𝑡(𝑠) ∶= 𝒙(𝑡 + 𝑠), −𝜏 ≤ 𝑠 ≤ 0,

which, informally, prescribes the value of solution 𝒙 up to time 𝑡 delayed by 𝑠. In
other words, we can view the trajectory of our solution as the curve 𝑡 → 𝒙𝑡 in the
state space 𝕏𝐶 = 𝐶([−𝜏, 0], ℝ𝑛) with the supremum norm

‖𝝓‖ = sup
−𝜏≤𝑠≤0

‖𝝓(𝑠)‖ ,

a Banach space of continuous functions mapping the interval [−𝜏, 0] to ℝ𝑛 with the
topology of uniform convergence, see [27]. Thus, we can reformulate (1.21) as

̇𝒙(𝑡) = 𝑭(𝑡, 𝒙𝑡), (1.22)

which can generally represent any RFDE, with 𝑭 ∶ 𝕋 × 𝕏𝐶 → ℝ𝑛 defined as

𝑭(𝑡, 𝝓) = 𝒇(𝑡, 𝝓(−𝜏0), 𝝓(−𝜏1),… ,𝝓(−𝜏𝐻)). (1.23)

Most often, we will encounter the following autonomous initial-value problem

̇𝒙(𝑡) = 𝒇(𝒙(𝑡), 𝒙(𝑡 − 𝜏1),… , 𝒙(𝑡 − 𝜏𝐻)),
𝒙𝜎 = 𝝓,

(1.24)

where 𝜎 ∈ ℝ is the initial time and 𝝓 ∈ 𝕏𝐶 is the state of system at time 𝜎, i.e., the
𝜏-long history function corresponding to the interval [𝜎 − 𝜏, 𝜎]. For completeness’
sake, we also add that general the RFDE initial-value problem reads as follows

̇𝒙(𝑡) = 𝑭(𝑡, 𝒙𝑡),
𝒙𝜎 = 𝝓.

(1.25)

Last, but not least, we shall denote by

∇𝝉𝑖𝒇 =
𝜕
𝜕𝝃𝑖

𝒇(𝑡,
𝝃0

⏞⏞⏞⏞⏞⏞⏞⏞⏞𝒙(𝑡 − 𝜏),
𝝃1

⏞⏞⏞⏞⏞⏞⏞⏞⏞𝒙(𝑡 − 𝜏1),… ,
𝝃𝐻

⏞⏞⏞⏞⏞⏞⏞⏞⏞𝒙(𝑡 − 𝜏𝐻))
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the Jacobian matrix of 𝒇 corresponding to the 𝑖-th delayed state input. In other
words, we may write the linearization of (1.24) around equilibrium 𝒙∗, i.e.,
𝒇(𝒙∗,… , 𝒙∗) = 𝟎, as

𝒇(𝒙(𝑡)) ≈ 𝒇(𝒙∗,… , 𝒙∗) +
𝐻

∑
𝑖=0

∇𝝉𝑖𝒇(𝒙
∗,… , 𝒙∗)𝒙(𝑡 − 𝜏𝑖), (1.26)

which follows from the Taylor expansion of 𝒇.

1.2.3.1 Backward Extension

Let us for a moment return to (1.25). So far, we have discussed its solution for
𝑡 > 𝜎, but, sometimes, we may solve it backward in time for 𝑡 < 𝜎, i.e., perform a
backward extension of the initial history 𝜙. Importantly, it should be evident there
is a fundamental asymmetry between the past and the future for DDEs (recall
they are only a special case of RFDEs), which is non-existent in the case of ODEs.
Indeed, as one can see from, for example, [22], there is no fundamental distinction
between solving forward or backward in time.

Per [18] and [27], we say that 𝒙 ∶ [𝜎 − 𝜏 − 𝛼, 𝜎] → ℝ𝑛 for 𝛼 > 0 is a (backward)
solution of the initial-value problem given by (1.25) if 𝒙 is continuous, 𝒙 satisfies
the initial condition and

̇𝒙(𝑡) = 𝑭(𝑡, 𝒙𝑡), 𝑡 ∈ [𝜎 − 𝛼, 𝜎].

Because 𝒙𝜎 = 𝝓 must hold as well, due to the initial condition, we get that 𝒙(𝑡) =
𝝓(𝑡 − 𝜎) must be continuously differentiable for 𝑡 ∈ [𝜎 − 𝛼, 𝜎]. As 𝝓 ∈ 𝕏𝐶, we can
equivalently say that𝝓must be continuously differentiable on [−min {𝛼, 𝜏} , 0]. This
significantly constrains the space of all admissible elements in 𝕏𝐶. Furthermore,
because the equality must hold at 𝑡 = 𝜎, we get

𝝓̇(0) = ̇𝒙(𝜎) = 𝒇(𝜎, 𝒙𝜎) = 𝒇(𝜎, 𝝓),

where 𝝓̇(0) denotes the left-hand derivative at 0. In total, the history function 𝝓
must thus belong to a very limited submanifold ℳ of 𝕏𝐶 where

ℳ = {𝝍 ∈ 𝕏𝐶 ∩ 𝐶1([−min {𝜏, 𝛼} , 0], ℝ𝑛) ∶ 𝝍̇(0) = 𝒇(𝜎, 𝝍)} .

It is reasonable to assume that for a typical history function𝝓 ∈ 𝕏𝐶, these conditions
will not be met, and therefore backward extension will not be possible. However,
if 𝒙 ∶ [𝜎 − 𝜏, 𝜎 + 𝐴), 𝐴 > 0 is a (forward) solution of (1.25) and if 𝜎1 ∈ (𝜎, 𝜎 + 𝐴),
then the initial-value problem corresponding to this intermezzo initial condition
(𝜎1, 𝝍), where 𝝍 = 𝒙𝜎1, has a backward solution 𝒙. It can be shown that many (but
not all) solutions of autonomous systems (1.24) extend to all 𝑡 ∈ ℝ — steady-state
and periodic solutions can be given as examples.
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1.2.3.2 Stability

We have already discussed stability for dynamical systems in Definition 1.11.
Stability for DDEs can be defined analogously, which will be summarized in the
following definition (per [18] and [27]).

Definition 1.26 (Stability in Delay Differential Equations). Consider (1.25) and
suppose that 𝑭(𝑡, 𝟎) = 𝟎, 𝑡 ∈ ℝ, is satisfied so that 𝒙(𝑡) = 𝟎 is a solution. The solution
𝒙 = 𝟎 is called

• stable if for any 𝜎 ∈ ℝ and 𝜀 > 0, there exists 𝛿 = 𝛿(𝜎, 𝜀) > 0 such that 𝝓 ∈ 𝕏𝐶
and ‖𝝓‖ < 𝛿 implies that ‖𝒙𝑡(𝜎, 𝝓)‖ < 𝜀, 𝑡 ≥ 𝜎;10

• asymptotically stable if it is stable and if there exists 𝑏(𝜎) > 0 such that when-
ever 𝝓 ∈ 𝕏𝐶 and ‖𝝓‖ < 𝑏(𝜎), then 𝒙(𝑡, 𝜎, 𝝓) → 0 as 𝑡 → ∞;

• unstable if it is not stable.

For a non-zero solution 𝒚(𝑡) of (1.25) defined on 𝑡 ∈ ℝ, its stability properties mimic
those of the zero solution of

̇𝒛(𝑡) = 𝒇(𝑡, 𝒛𝑡 + 𝒚𝑡) − 𝒇(𝑡, 𝒚𝑡). (1.27)

Indeed, let 𝝃(𝑡) be another solution of (1.25) and put 𝒛(𝑡) = 𝝃(𝑡) − 𝒚(𝑡). Then
𝒛𝑡 = 𝝃𝑡 − 𝒚𝑡 and thus (by using (1.25) on 𝝃𝑡 or 𝒚𝑡)

̇𝝃(𝑡) − ̇𝒚(𝑡) = 𝒇(𝑡, 𝝃𝑡 − 𝒚𝑡 + 𝒚𝑡) − 𝒇(𝑡, 𝒚𝑡),

which yields that 𝒛 is a solution to (1.27), which was to be shown.

Moreover, we shall also define a solution operator (or solution map) for autonomous
RFDEs. This will become useful later when discussing the stability of equilibria in
the case of DDEs from the perspective of their linearization, see Section 3.1.2.1.

Definition 1.27. Consider the autonomous DDE problem (1.24). The solution
operator 𝖲(𝑡, 𝜎) ∶ 𝕏𝐶 → 𝕏𝐶 from time 𝜎 to 𝑡, such that 𝑡 ≥ 𝜎, is defined as

𝖲(𝑡, 𝜎)𝝓 ∶= 𝒙𝑡(𝜎, 𝝓). (1.28)

In the case of 𝜎 = 0, we abuse the notation to write 𝖲(𝑡).

In other words, the solution operator 𝖲(𝑡) maps the initial segment 𝝓 onto the
solution segment 𝒙𝑡 at time 𝑡. Note that (1.28) is equivalent to (considering 𝜎 = 0)

(𝖲(𝑡)𝝓)(𝜃) = 𝒙(𝑡 + 𝜃), −𝜏 ≤ 𝜃 ≤ 0, 𝑡 ≥ 0. (1.29)

It can be shown that, see [27],

𝖲(0) = id,
𝖲(𝑡)𝖲(𝑠) = 𝖲(𝑡 + 𝑠), 𝑡, 𝑠 ≥ 0,
𝖲(𝑡)𝝓 is continuous in (𝑡, 𝝓),

(1.30)

10For clarity, we use 𝒙(𝑡, 𝜎, 𝝓) to denote the solution of (1.25).



26 Chapter 1. Mathematics Behind Dynamics

thus {𝖲(𝑡)}, 𝑡 ≥ 0, is a strongly continuous semigroup of transformations on a subset of
𝕏𝐶 (see [27] or [31] for more information on the subject). Let us remark we assume
𝑡, 𝑠 are allowed to range over an interval which may be dependent on 𝝓 ∈ 𝕏𝐶.

1.2.4 Semidynamical Systems Induced by Delay Differential
Equations

So far, we have only seen examples of continuous-time dynamical systems, which
have inherently been symmetric in time, i.e., invertible. In other words, these
systems did not distinguish between the future and the past. As an example,
consider the following ODE and its induced continuous-time dynamical system

̇𝒙(𝑡) = 𝒇(𝑡, 𝒙), 𝒙(𝑠) = 𝒙0.

When solving such ODE, it is entirely up to us to integrate forward in time, but
backward integration is equally possible. On the other hand, as we have seen in
Section 1.2.3.1, delay differential equations are not always solvable backward in
time.

Definition 1.28. Semidynamical system is a triple11 (𝕋̃,𝕏𝐶, 𝜑), where

𝕋̃ = {(𝑡, 𝑠) ∈ 𝕋 × 𝕋 | 𝑡 ≥ 𝑠} ,

𝕏𝐶 is a metric space and 𝜑 ∶ 𝕋̃ × 𝕏𝐶 → 𝕏𝐶 is continuous map, which satisfies the
deterministic and composition properties from Definition 1.1.

The difference between Definition 1.1 and Definition 1.28 is rather subtle. It lies
in the restriction to 𝕋̃, which permits only projection forward in time. Indeed, by
using 𝕋̃ = 𝕋×𝕋, we get the usual dynamical system. Note that an autonomous semi-
dynamical system is defined analogously as in Definition 1.2. Also, basic concepts
defined for dynamical systems, see Section 1.1.1, mostly extend to semidynamical
systems (for example, we only consider 𝜔-limit point and set).

Lemma 1.2. Semidynamical system (𝕋̃,𝕏𝐶, 𝜑) is autonomous if and only if whenever
𝒙(𝑡) is a solution defined on subset 𝐼 ⊆ 𝕋 and 𝜏 ∈ 𝕋𝐺, then 𝒙(𝑡 + 𝜏) is a solution on 𝐼 − 𝜏,
where 𝐼 − 𝜏 = {𝑡 − 𝜏 | 𝑡 ∈ 𝐼}.

Proof. Can be adapted from [18], page 63.

As an example of an autonomous system, one can consider the delayed logistic
equation, see [32],

𝑛̇(𝑡) = 𝑎 ⋅ (1 −
𝑛(𝑡 − 𝑇)

𝐾
) 𝑛(𝑡),

which assumes, among other facts, a constant growth rate 𝑎. Should the growth rate

11For semidynamical systems, we will use𝕏𝐶 instead of𝕏 to emphasize that 𝒙 ∈ 𝕏𝐶 will typically
be some (vector-valued) history function.
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𝑎 = 𝑎(𝑡) be subject to change in time (for example by external influences), yielding

𝑛̇(𝑡) = 𝑎(𝑡) ⋅ (1 −
𝑛(𝑡 − 𝑇)

𝐾
) 𝑛(𝑡),

then it prescribes a non-autonomous semidynamical system. Analogously to the
dynamical system case, the evolution operator 𝜑 of an autonomous semidynamical
system is called a semiflow.

For compatibility with the source material, see [18], we will now consider an
initial-value problem (1.25) for an RFDE, though for our purposes a DDE would
suffice,

̇𝒙(𝑡) = 𝑭(𝑡, 𝒙𝑡), 𝒙𝜎 = 𝝓,

where 𝜎 ∈ ℝ, 𝑭 is continuous, and 𝝓 ∈ 𝕏𝐶. Let us assume there is a unique
solution 𝒙(𝑡, 𝜎, 𝝓) of (1.25) defined for 𝑡 ≥ 𝜎. While this condition is hard to
ensure in practice, it is nonetheless necessary for the definition of the induced
semidynamical system. Denote by 𝒙𝑡(𝜎, 𝝓) ∈ 𝕏𝐶 the state of the system at time 𝑡,
defined, as usual, by

𝒙𝑡(𝜎, 𝝓)(𝜃) = 𝒙(𝑡 + 𝜃, 𝜎, 𝝓), −𝜏 ≤ 𝜃 ≤ 0.

Proposition 1.1. The map 𝜑(𝑡, 𝜎, 𝝓) = 𝒙𝑡(𝜎, 𝝓) defines a semidynamical system on 𝕏𝐶
with 𝕋 = [𝜎 − 𝜏,∞) and its corresponding 𝕋̃.

Proof. See [18], page 65.

1.3 Numerical Methods
As the title may suggest, computational aspects of ODEs, DDEs, and other math-
ematical problems will play a key role in this thesis. For completeness’ sake, a
brief overview of numerical integrators (also called solvers) for ODEs, DDEs, and
stochastic differential equations (SDEs) will be given, as well as basic methods
of one-dimensional optimization. Lastly, the Newton-Raphson method will be
discussed.

1.3.1 Numerical integration of ODEs
Solving, or numerically integrating, ordinary differential equations can be seen as
the backbone of this thesis. As such, we will introduce two approaches, the Euler
method and the Runge-Kutta method. This subsection is mostly based on [33], [34],
and [35].

Consider an ODE of the form

̇𝒙(𝑡) = 𝑭(𝑡, 𝒙(𝑡)), 𝒙(𝑡0) = 𝒙0, (1.31)
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which we want to integrate on the interval [𝑡0, 𝑡𝑁]. By Taylor expansion at 𝑡0, we
can write

𝒙(𝑡) = 𝒙(𝑡0) + ̇𝒙(𝑡0)(𝑡 − 𝑡0) + 𝑂(𝑡2). (1.32)

Setting 𝑡 = 𝑡0 + Δ𝑡1 yields

𝒙(𝑡0 + Δ𝑡1) ≈ 𝒙(𝑡0) + ̇𝒙(𝑡0)(𝑡0 + Δ𝑡1 − 𝑡0) = 𝒙(𝑡0) + 𝑭(𝑡0, 𝒙(𝑡0))Δ𝑡1.

Repeating this process on the entire interval [𝑡0, 𝑡𝑁] gives us Algorithm 1 called the
explicit Euler method. Let us note that often an equidistant stepsize is used, e.g.,
Δ𝑡𝑘 = Δ𝑡 = 𝑡𝑁−𝑡0

𝑁 .

Algorithm 1: Euler method (explicit)

Input: ODE in form (1.31), stepsizes {Δ𝑡𝑖}
𝑁
𝑖=1

Output: Sequence of 𝑁 + 1 points {𝒙𝑖}
𝑁
𝑖=0

begin
  for 𝑖 = 1 to 𝑁 do
    𝒙𝑖 ← 𝒙𝑖−1 + 𝑭(𝑡𝑖−1, 𝒙𝑖−1)Δ𝑡𝑖
  end
end

Whilst the Euler method is simple, it does have its drawbacks mainly in its accu-
racy. For quantification of this issue, we shall define several notions of errors of a
numerical integration method.

Definition 1.29. Let us consider an ODE problem of the form (1.31) and the
solution 𝒙(𝑡) to the initial-value problem. Assume 𝒙𝑘 is an approximate solution
at time 𝑡𝑘 and that 𝒙𝑘+1 is given by 𝒙𝑘+1 = 𝒙𝑘 + Δ𝑡𝑘+1 ⋅ Inc (𝑡𝑘, 𝒙(𝑡𝑘), Δ𝑡𝑘+1, 𝑭), where
Inc is the increment function12, which propagates the solution from 𝑡𝑘 to 𝑡𝑘+1 and
represents the chosen method. Local truncation error (LTE) is defined as

lte𝑘 = 𝒙(𝑡𝑘+1) − 𝒙(𝑡𝑘) − Δ𝑡𝑘+1 ⋅ Inc (𝑡𝑘, 𝒙(𝑡𝑘), Δ𝑡𝑘+1, 𝑭) (1.33)

and represents the error the increment function causes when performing a single
step. Similarly, global error is defined as the cumulative LTE from the initial
condition,

err𝑘 = 𝒙(𝑡𝑘) − 𝒙𝑘. (1.34)

In general, we seek such a method, which fulfills given accuracy while
using as few evaluations of 𝑭 as possible — the assumption is that
the evaluation of 𝑭 is so costly the remaining operations are almost
negligible.

By using (1.33) on Algorithm 1 to obtain LTE for the Euler method, we get (recalling
the Taylor expansion (1.32))

lte𝑘 = 𝒙(𝑡𝑘+1) − 𝒙(𝑡𝑘) − Δ𝑡𝑘+1 ⋅ 𝑭(𝑡𝑘, 𝒙(𝑡𝑘)) ⟹ lte𝑘 = 𝑂(Δ𝑡2𝑘+1).
12In general, the increment function Inc at the 𝑘 + 1-st step may depend on 𝑡0,… , 𝑡𝑘, 𝒙0,… , 𝒙𝑘,

and Δ𝑡1,… ,Δ𝑡𝑘+1.
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We say that a method is of order 𝑝 if lte = 𝑂(Δ𝑡𝑝+1), i.e., the Euler method is of first
order.

This can surely be improved by using more terms of the Taylor series expansion,
see (1.32), but the necessity of computing the derivatives of 𝑭 is a major drawback,
often outweighing any potential benefits. Another possibility would be to allow
the computation of the next value to be dependent on multiple previous values,
leading to multistep methods, see Section 1.3.2. The last option — and the one we
shall use — is to modify a one-step method to produce intermediate estimates of
the solution at multiple different points (called stages), which are then combined
into the final approximation of the solution at the next step — this way, we obtain
so-called Runge-Kutta methods.

Algorithm 2: 𝑠-stage explicit Runge-Kutta (ERK) method

Input: ODE in form (1.31), stepsizes {Δ𝑡𝑖}
𝑁
𝑖=1, 𝑠 ∈ ℕ (the “number of stages”),

real coefficients 𝑎21, 𝑎31, 𝑎32,… , 𝑎𝑠1, 𝑎𝑠2,… , 𝑎𝑠,𝑠−1, 𝑏1,… , 𝑏𝑠, and 𝑐2,… , 𝑐𝑠
Output: Sequence of 𝑁 + 1 points {𝒙𝑖}

𝑁
𝑖=0

begin
  for 𝑖 = 1 to 𝑁 do
    calculate

𝒌1 ← 𝑭(𝑡0, 𝒙𝑖−1),
𝒌2 ← 𝑭(𝑡0 + 𝑐2Δ𝑡𝑖, 𝒙𝑖−1 + Δ𝑡𝑖𝑎21𝒌1),
𝒌3 ← 𝑭(𝑡0 + 𝑐3Δ𝑡𝑖, 𝒙𝑖−1 + Δ𝑡𝑖(𝑎31𝒌1 + 𝑎32𝒌2)),

⋮
𝒌𝑠 ← 𝑭(𝑡0 + 𝑐𝑠Δ𝑡𝑖, 𝒙𝑖−1 + Δ𝑡𝑖(𝑎𝑠1𝒌1 +⋯ + 𝑎𝑠,𝑠−1𝒌𝑠−1));

    set 𝒙𝑖 ← 𝒙𝑖−1 + Δ𝑡𝑖(𝑏1𝒌1 +⋯ + 𝑏𝑠𝒌𝑠)
  end
end

Usually, we constrain the coefficients to fulfill

𝑐𝑚 =
𝑚−1

∑
𝑛=1

𝑎𝑚𝑛, (1.35)

which represents the assumption that all points, where 𝑭 is evaluated, are first-order
approximations of the solution. It can be shown that (1.35) significantly simplifies
the derivation of order conditions (1.36), but for low order, it is not necessary.

Our task is now to choose the coefficients in Algorithm 2 so that the order of the
method is maximized. This corresponds to computing the Taylor series expansion
for each 𝒌𝑗 in the state variable of 𝑭. By combining these results, we can compare
them with the Taylor expansion of 𝒙𝑖. Hence, we obtain the following conditions
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(given for a 4-stage method), using 𝑐1 = 0:

∑
𝑗

𝑏𝑗 = 1, ∑
𝑗

𝑏𝑗𝑐𝑗 =
1
2
,

∑
𝑗

𝑏𝑗𝑐2𝑗 =
1
3
, ∑

𝑗,𝑚

𝑏𝑗𝑎𝑗𝑚𝑐𝑚 =
1
6
,

∑
𝑗

𝑏𝑗𝑐3𝑗 =
1
4
, ∑

𝑗,𝑚

𝑏𝑗𝑐𝑗𝑎𝑗𝑚𝑐𝑚 =
1
8
,

∑
𝑗,𝑚

𝑏𝑗𝑎𝑗𝑚𝑐2𝑚 =
1
12

, ∑
𝑗,𝑚,𝑛

𝑏𝑗𝑎𝑗𝑚𝑎𝑚𝑛𝑐𝑛 =
1
24

.

(1.36)

In other words, if the coefficients of the 4-stage ERKmethod complywith conditions
(1.36), the method is of fourth order, i.e., lte𝑖 = 𝑂(Δ𝑡5𝑖 ). Typically, “the Runge-Kutta”
method is used:

𝒌1 = 𝑭 (𝑡0, 𝒙0)

𝒌2 = 𝑭 (𝑡0 +
1
2
Δ𝑡, 𝒙0 +

1
2
𝒌1Δ𝑡)

𝒌3 = 𝑭 (𝑡0 +
1
2
Δ𝑡, 𝒙0 +

1
2
𝒌2Δ𝑡)

𝒌4 = 𝑭 (𝑡0 + Δ𝑡, 𝒙0 + 𝒌3Δ𝑡)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎭

𝒙1 = 𝒙0 + Δ𝑡 (
1
6
𝒌1 +

2
6
𝒌2 +

2
6
𝒌3 +

1
6
𝒌4) . (1.37)

Throughout this thesis, we will use solvers available in DifferentialEquations.jl, see
[36], for Julia programming language, see [11], and ode45 (or ode23 for stiff ODEs)
for MATLAB, see [37].

1.3.2 Numerical Integration of DDEs
As invested readers can surely recall, we have already discussed the method of steps
in Section 1.2.2 as an analytical way to solve DDEs. There, we reformulated the
problem of integrating a DDE forward in time as a sequence of ODE initial-value
problems, which needed to be integrated on smaller intervals. A detailed treatment
of the numerical integration of DDEs can be found in [30].

Consider the following DDE IVP13,

̇𝒙(𝑡) = 𝒇(𝑡, 𝒙(𝑡), 𝒙(𝑡 − 𝜏)), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓,
𝒙𝜏 = 𝜙,

} (1.38)

where 𝒙(⋅) ∈ ℝ𝑛 and 𝒇 ∶ [𝑡0, 𝑡𝑓] × ℝ𝑛 × ℝ𝑛 → ℝ𝑛, and a set of mesh points 𝒯 =
{𝑡0, 𝑡1,… , 𝑡𝑁 = 𝑡𝑓}, such that either 𝑡𝑛 −𝜏 < 𝑡0 or 𝑡𝑛 −𝜏 ∈ 𝒯. Note that the presented
methods can be extended to IVPs with multiple delays, e.g., (1.24).

13In general, methods discussed in this subsection allow a time-dependent delay 𝜏, i.e., 𝜏(𝑡).
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Once such a method is available, any ODE numerical integrator that operates
strictly on the mesh 𝒯 may be used — these are typically called linear multistep
(LMS) methods. For instance, Algorithm 3 shows the explicit (forward) Euler
method adapted for (1.38).

Algorithm 3: Euler method (explicit) for DDEs

Input: DDE in form (1.38), time discretization mesh 𝒯 = {𝑡0,… , 𝑡𝑁 = 𝑡𝑓}
Output: Sequence of 𝑁 + 1 points {𝒙𝑖}

𝑁
𝑖=0

begin
  for 𝑖 = 1 to 𝑁 do
    𝒙𝑖 ← 𝒙𝑖−1 + 𝒇(𝑡𝑖−1, 𝒙𝑖−1, 𝒙𝑗)Δ𝑡𝑖
  end
end

However, this approach puts strict requirements on the mesh 𝒯, which renders
the method unusable in many cases. For example, for the IVP

̇𝑥(𝑡) = 𝑥(𝑡/2), 0 ≤ 𝑡 ≤ 1,
𝑥(0) = 1,

no finite mesh 𝒯 can be found, as for any 𝑡 ∈ 𝒯 also 𝑡/2 must belong to the
mesh (thus no initial stepsize exists). Nevertheless, in general, one can construct
a suitable finite mesh 𝒯 for any bounded interval [𝑡0, 𝑡𝑓] if there is no vanishing
delay point in [𝑡0, 𝑡𝑓], see Definition 1.25 and Theorem 1.11. Bellen and Zennaro
[30], see page 38, outline a possible strategy for doing so, along with its pitfalls.
Also, note that this approach can be rather easily extended to Adams-like methods
and even some Runge-Kutta formulae (such as the Heun method).

Another possible approach is to replace the strict constraints on the time mesh
𝒯 by an interpolation method. Nonetheless, most often the discontinuity points
belonging to [𝑡0, 𝑡𝑓] are included in𝒯, as ODE solvers generally require smoothness
of the solution (or at least such property is highly beneficial for accuracy).

Throughout the years, the theory of continuous ODE methods, see Definition 1.30,
has been developed. Continuous ODE methods build on a very general class of
𝑘-step numerical ODE integrators for (1.31) of the form

𝒙𝑖+1 = 𝛼𝑖,1𝒙𝑛 +⋯ + 𝛼𝑖,𝑘𝒙𝑖−𝑘+1 + Δ𝑡𝑖+1 Inc (𝒙𝑖,… , 𝒙𝑖−𝑘+1;𝒯𝑖, 𝑭) , (1.39)

𝑖 ≥ 𝑘 − 1, where 𝒯𝑖 = {𝑡𝑖−𝑘+1,… , 𝑡𝑖, 𝑡𝑖+1} and where the increment function Inc is
globally Lipschitz continuous with respect to 𝒙 arguments (𝑭 is also assumed to be
globally Lipschitz continuous in 𝒙).

Definition 1.30 (Continuous ODE method [30]). We call continuous extension, or
interpolant, of the ODE method (1.39) the piecewise polynomial function 𝜼(𝑡) given
by the restrictions on each interval [𝑡𝑖, 𝑡𝑖+1] of any interpolant based on values
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computed in a possibly larger interval [𝑡𝑖−𝑘𝑖, 𝑡𝑖+𝑙𝑖+1], 𝑘𝑖, 𝑙𝑖 ≥ 0, of the form

𝜼(𝑡𝑖 + 𝜃Δ𝑡𝑖+1) = 𝛽𝑖,1(𝜃)𝒙𝑖+𝑙𝑖 +⋯ + 𝛽𝑖,𝑙𝑖+𝑘𝑖+1(𝜃)𝒙𝑖−𝑘𝑖
+ Δ𝑡𝑖+1 Inc (𝒙𝑖+𝑙𝑖,… , 𝒙𝑖−𝑘𝑖; 𝜃, 𝑭,𝒯

′
𝑖 ) , 0 ≤ 𝜃 ≤ 1,

(1.40)

where 𝒯′
𝑖 = {𝑡𝑖−𝑘𝑖,… , 𝑡𝑖+𝑗𝑖, 𝑡𝑖+𝑗𝑖+1}, satisfying the continuity conditions

𝜼(𝑡𝑖) = 𝒙𝑖 & 𝜼(𝑡𝑖+1) = 𝒙𝑖+1. (1.41)

If 𝑙𝑖 = 𝑘𝑖 = 0, then the interpolation procedure is based on values belonging to
the sole interval [𝑡𝑖, 𝑡𝑖+1] and is referred to as one-step interpolation. Otherwise, the
interpolation procedure is called multistep interpolation. In short, any ODE method
(1.39) endowed with its continuous extension (1.40) will be called a continuous
ODE method.

An arbitrary ODE solver can then be used as a continuous ODE method (with 𝑗𝑖 = 0
for computational reasons). Note that even explicit ODE methods in general lead
to implicit continuous ODE methods. For brevity, discussion on convergence and
other numerical properties is omitted. In implementations, we will predominantly
use DelayDiffEq.jl package by [38] in Julia or dde23 in MATLAB.

LIGHTBULB Tip 3: Improvements to dde23

Throughout the work on this thesis and related publications, we have noticed
a significantly worse performance of the dde23method compared to the equiv-
alent DDE solver in Julia, see this Git repository. Humusoft, the distributor
of MATLAB for the Czech Republic and Slovakia, determined that the issue
lies in the code to find appropriate index 𝑖 such that 𝑡 − 𝜏 ∈ [𝑡𝑖, 𝑡𝑖+1] for a given
𝑡 (necessary for determining, e.g., 𝒯′

𝑖 ). The main inefficiency was caused by
searching for 𝑖 starting from the most distant past, see [39] for reference on the
implementation. This problem is fixed in MATLAB version R2024b onward.

1.3.3 Numerical Integration of SDEs
In Section 1.1.5, we have presented a framework for dealing with stochastic dynam-
ical systems. These very often arise from noisy measurements of the underlying
system. Using the discussed concepts, we can represent this as a discrete-time
approximation of an Itô process. In particular, we will use the Euler-Maruyama
approximation. Consider an Itô process X = {X(𝑡) | 𝑡0 ≤ 𝑡 ≤ 𝑇} satisfying the scalar
SDE

dX(𝑡) = 𝑎(𝑡, X(𝑡))d𝑡 + 𝑏(𝑡, X(𝑡))dW(𝑡), X(𝑡0) = X0 (1.42)

on 𝑡0 ≤ 𝑡 ≤ 𝑇.

For a given discretization 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑛 = 𝑇 of the time interval [𝑡0, 𝑇],
an Euler-Maruyama approximation is a continuous-time stochastic process Y =

https://gitlab.com/sceptri-university/dde-julia-matlab-comparison
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{Y(𝑡) | 𝑡0 ≤ 𝑡 ≤ 𝑇} satisfying the following iterative scheme (using Y(𝑡𝑛) = Y𝑛)

Y𝑛+1 = Y𝑛 + 𝑎(𝑡𝑛, Y𝑛)(𝑡𝑛+1 − 𝑡𝑛) + 𝑏(𝑡𝑛, Y𝑛)(W(𝑡𝑛+1) − W(𝑡𝑛)) (1.43)

for 𝑛 = 0, 1,… ,𝑁 − 1 with initial value Y0 = X0. For conciseness, we shall denote
Δ𝑡𝑛 = 𝑡𝑛+1 − 𝑡𝑛 and call 𝛿 = max𝑛Δ𝑡𝑛 the maximum time step. Most often, we
shall use equidistant discretization, i.e., 𝑡𝑛 = 𝑡0 + 𝑛𝛿, and in such case we will use
Δ𝑡 = 𝛿 ≡ Δ𝑡𝑛 = (𝑇 − 𝑡0)/𝑁. Similarly, let ΔW𝑛 ∶= W(𝑡𝑛+1) − W(𝑡𝑛) be the random
independent increments of the Wiener process, see Definition 1.24, corresponding
to the discretization. From the definition immediately follows that

ΔW𝑛 ∼ 𝒩(0, Δ𝑡𝑛) & ΔW ∼ 𝒩(0, Δ𝑡) .

Thus, for equidistant discretization, (1.43) becomes

Y𝑛+1 = Y𝑛 + 𝑎(𝑡𝑛, Y𝑛)Δ𝑡 + 𝑏(𝑡𝑛, Y𝑛)ΔW, (1.44)

and as such {Y𝑛}𝑛 can be interpreted as a Markov chain. This can be easily extended
to a vector-valued SDE,

d𝐗(𝑡) = 𝒂(𝑡, 𝐗(𝑡))d𝑡 + 𝑩(𝑡, 𝐗(𝑡))d𝐖(𝑡), 𝐗(𝑡0) = 𝐗0, (1.45)

where, assuming 𝐗(𝑡, 𝜔) ∈ ℝ𝑛, we have 𝒂(𝑡, 𝐗(𝑡, 𝜔)) ∈ ℝ𝑛, 𝑩(𝑡, 𝐗(𝑡, 𝜔)) ∈ ℝ𝑛×𝑛,
and d𝐖(𝑡) is a differential corresponding to a vector of Wiener processes with
prescribed correlation (and hence Δ𝐖𝑛 ∈ ℝ𝑛×𝑛 has a matrix structure relating to
the underlying correlation). Finally, this is captured in Algorithm 4.

Algorithm 4: Euler-Maruyama method

Input: SDE in form (1.45), time discretization {Δ𝑡𝑖}
𝑁
𝑖=1

Output: Discretized random process 𝐘 to {𝑡𝑖}
𝑁
𝑖=0

begin
  set 𝐘0 ← 𝐗0 by (1.45)
  for 𝑖 = 0 to 𝑁 − 1 do
    𝐘𝑛+1 ← 𝐘𝑛 + 𝒂(𝑡𝑛, 𝐘𝑛)Δ𝑡𝑛 + 𝑩(𝑡𝑛, 𝐘𝑛)Δ𝐖𝑛
  end
end

Let us note that for implementation, we use the EM method from DifferentialE-
quations.jl by [36] for Julia and a custom implementation for MATLAB, see [37].
Furthermore, the relevant theory of stochastic functional differential equations
(SFDEs) will not be covered in this document to ensure a focused and concise
scope. To an interested reader, we recommend [40] for a general overview and
[41] for more details on linear and affine SFDEs. As an example of actual use, in
[6], we have employed the Euler-Maruyama method to compare stochastic and
deterministic simulations of the Pinsky-Rinzel model, see [42] and [43], for specific
values of parameters, deduced from preceding bifurcation analysis, producing
notable signal patterns comparable with those measured experimentally.
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1.3.4 One-Dimensional Optimization

Optimization is nigh ubiquitous in both nature and mathematics. For us, it will
prove most fruitful to study optimization in one dimension, where the situation is,
fortunately, the easiest. Most of the material is taken from [44] and [45].

The methods we will present can be collectively called bracketing, as they rely on
iteratively shrinking an interval inside which a local minimum lies. Furthermore,
a single-minimum requirement shall be placed on functions to be optimized. For
functions on ℝ, this translates to so-called unimodality.

Definition 1.31 (Unimodal function). Let 𝐼 ⊂ ℝ be an interval and 𝑓 ∶ 𝐼 → ℝ a
function. We say 𝑓 is unimodal if there exists 𝑥∗ ∈ 𝐼 such that

• 𝑓(𝑥1) > 𝑓(𝑥2) for arbitrary 𝑥1, 𝑥2 ∈ 𝐼 satisfying 𝑥1 < 𝑥2 < 𝑥∗;
• 𝑓(𝑥1) < 𝑓(𝑥2) for arbitrary 𝑥1, 𝑥2 ∈ 𝐼 satisfying 𝑥∗ < 𝑥1 < 𝑥2.

INFO Note 5: Unimodality

As a careful reader might notice, a unimodal function is necessarily monotone
decreasing on (−∞, 𝑥∗) ∩ 𝐼 and monotone increasing on 𝐼 ∩ (𝑥∗,∞). Moreover,
unimodality implies only quasi-convexity14 and, on the other hand, only strict
convexity implies unimodality of a function on 𝑓 ∶ 𝐼 → ℝ.

Lemma 1.3. Let 𝑓 ∶ 𝐼 → ℝ be unimodal on 𝐼 and consider 𝑥1, 𝑥2 ∈ 𝐼 such that 𝑥1 < 𝑥2,
then

• 𝑓(𝑥1) ≤ 𝑓(𝑥2) ⟹ 𝑥∗ ≤ 𝑥2;
• 𝑓(𝑥1) ≥ 𝑓(𝑥2) ⟹ 𝑥1 ≤ 𝑥∗.

Proof. Follows directly from Definition 1.31.

Consider now the following optimization problem

min
𝑥∈𝐼

𝑓(𝑥), resp. argmin
𝑥∈𝐼

𝑓(𝑥), (1.46)

for an unimodal function 𝑓 ∶ 𝐼 → ℝ, 𝐼 = [𝑎, 𝑏]. Furthermore, let 𝑁 denote the
allowed number of evaluations of 𝑓 and assume the accuracy of presented methods
is | ̄𝑥 − 𝑥∗|, where 𝑥∗ is the exact solution of (1.46) and ̄𝑥 its approximation found
by the used method. Using Lemma 1.3, one can easily find the initial bracket to
be successively shrunk if it is not provided in the definition of the optimization
problem (1.46).

14A function 𝑓 ∶ 𝑆 → ℝ, where 𝑆 is a real vector space, is convex on 𝑆 if for all 𝒙, 𝒚 ∈ 𝑆 and 𝜆 ∈ [0, 1]
holds 𝑓(𝜆𝒙 + (1−𝜆)) ≤ 𝜆𝑓(𝒙) + (1−𝜆)𝑓(𝒚) and strictly convex if the inequality is strict. Furthermore,
we call it quasi-convex on 𝑆 if for any 𝒙, 𝒚 ∈ 𝑆 and 𝜆 ∈ [0, 1]we have 𝑓(𝜆𝒙+(1−𝜆)𝒚) ≤ min {𝑓(𝒙), 𝑓(𝒚)}.
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1.3.4.1 Bisection Method

Consider now 𝑁 = 2𝑘, 𝑘 ∈ ℕ, choose 𝛿 ∈ (0, 𝑏−𝑎2 ] sufficiently small and let 𝑎0 ∶=
𝑎, 𝑏0 ∶= 𝑏 set the initial bracket [𝑎0, 𝑏0]. We then define

𝑥−𝑖 ∶=
𝑎𝑖−1 + 𝑏𝑖−1

2
− 𝛿 & 𝑥+𝑖 ∶=

𝑎𝑖−1 + 𝑏𝑖−1
2

+ 𝛿 (1.47)

for 𝑖 = 1,… , 𝑘. Now we can examine in which “half” of the interval (including
the offset 𝛿) the minimum lies, i.e., we evaluate 𝑓(𝑥−𝑖 ), 𝑓(𝑥+𝑖 ) and adjust the bracket
accordingly (by Lemma 1.3)

• 𝑓(𝑥−𝑖 ) < 𝑓(𝑥+𝑖 ) ⟹ [𝑎𝑖, 𝑏𝑖] = [𝑎𝑖−1, 𝑥+𝑖 ];
• 𝑓(𝑥−𝑖 ) > 𝑓(𝑥+𝑖 ) ⟹ [𝑎𝑖, 𝑏𝑖] = [𝑥−𝑖 , 𝑏𝑖−1].

The center ̄𝑥𝑘 of the 𝑘-th bracket is assumed to approximate the exact solution 𝑥∗
with accuracy 𝑙𝑘/2, where

𝑙𝑘 =
𝑏 − 𝑎
2𝑘

+
(2𝑘 − 1)𝛿
2𝑘−1

denotes the length of the 𝑘-th bracket. It can be seen that 𝑙𝑘 → 2𝛿 for 𝑘 → ∞.

Algorithm 5: Bisection method

Input: Optimization problem (1.46), initial interval 𝐼 = [𝑎, 𝑏], 𝛿 ∈ (0, 𝑏−𝑎2 ],
number of steps 𝑘 ∈ ℕ
Output: Approximation of minimum ̄𝑥𝑘
begin
  set 𝑎0 ← 𝑎, 𝑏0 ← 𝑏
  for 𝑖 = 1 to 𝑘 do
    calculate 𝑥−𝑖 ← 𝑎𝑖−1+𝑏𝑖−1

2 − 𝛿 & 𝑥+𝑖 ← 𝑎𝑖−1+𝑏𝑖−1
2 + 𝛿

    if 𝑓(𝑥−𝑖 ) < 𝑓(𝑥+𝑖 ) do
      set [𝑎𝑖, 𝑏𝑖] ← [𝑎𝑖−1, 𝑥+𝑖 ]
    else if 𝑓(𝑥−𝑖 ) > 𝑓(𝑥+𝑖 ) do
      set [𝑎𝑖, 𝑏𝑖] ← [𝑥−𝑖 , 𝑏𝑖−1]
    else do
      set15 [𝑎𝑖, 𝑏𝑖] ← [𝑥−𝑖 , 𝑏𝑖−1]
    end
    set ̄𝑥𝑖 ←

𝑎𝑖+𝑏𝑖
2

  end
end

1.3.4.2 Golden Section Method

The bisection method we have presented above has one significant flaw. Every
iteration, i.e., every bracket improvement, requires two separate evaluations which

15In the case of equality, both options for a new bracket are equally valid.
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are, in general, never used again. Thus, the Golden sectionmethod was constructed,
requiring only a single evaluation.

LIGHTBULB Tip 4: Golden ratio

Before delving into the technical details, let us note in this subsection 𝜏 ≈ 1.618
denotes the positive solution of

𝜏2 − 𝜏 − 1 = 0, (1.48)

i.e., 1
𝜏 ≈ 0.618, and is generally referred to as the golden ratio. Equivalently, it

is also given as
𝑎 + 𝑏
𝑎

=
𝑎
𝑏
= 𝜏 (1.49)

for 𝑎 > 𝑏 > 0 which satisfy the above equality.

Consider a unimodal function 𝑓 ∶ 𝐼 → ℝ on the interval 𝐼 = [𝑎, 𝑏] subject to an
optimization problem (1.46) and evaluation-count restriction 𝑁 ≥ 2 (or desired
accuracy 𝜀). Let us relax the bisection method such that

𝑥−𝑖 = 𝑎𝑖−1 + 𝛿−(𝑏𝑖−1 − 𝑎𝑖−1), 𝑥+𝑖 = 𝑎𝑖−1 + 𝛿+(𝑏𝑖−1 − 𝑎𝑖−1) (1.50)

and we shall attempt to find a values of 𝛿−, 𝛿+ ∈ (0, 1) such that only 1 iteration is
needed. Assume 𝑓(𝑥−𝑖 ) < 𝑓(𝑥+𝑖 ), then (by Lemma 1.3 as in Algorithm 5)

[𝑎𝑖, 𝑏𝑖] = [𝑎𝑖−1, 𝑥+𝑖 ] = [𝑎𝑖−1, 𝑎𝑖−1 + 𝛿+(𝑏𝑖−1 − 𝑎𝑖−1)]

and

𝑥−𝑖+1 = 𝑎𝑖 + 𝛿−(𝑏𝑖 − 𝑎𝑖) 𝑥+𝑖+1 = 𝑎𝑖 + 𝛿+(𝑏𝑖 − 𝑎𝑖).

If we want to reuse the 𝑓(𝑥−𝑖 ) evaluation, then necessarily

𝑥+𝑖+1 = 𝑥−𝑖
𝑎𝑖 + 𝛿+(𝑏𝑖 − 𝑎𝑖) = 𝑎𝑖−1 + 𝛿−(𝑏𝑖−1 − 𝑎𝑖−1)

𝑎𝑖−1 + 𝛿+(𝑎𝑖−1 + 𝛿+(𝑏𝑖−1 − 𝑎𝑖−1) − 𝑎𝑖−1) = 𝑎𝑖−1 + 𝛿−(𝑏𝑖−1 − 𝑎𝑖−1)
𝛿2+(𝑏𝑖−1 − 𝑎𝑖−1) = 𝛿−(𝑏𝑖−1 − 𝑎𝑖−1)

⟹ 𝛿2+ = 𝛿−.

Now we shall focus on 𝑓(𝑥−𝑖 ) ≥ 𝑓(𝑥+𝑖 ), denoting 𝛿 = 𝛿+, which by the same argument
leads to

[𝑎𝑖, 𝑏𝑖] = [𝑥−𝑖 , 𝑏𝑖−1] = [𝑎𝑖−1 + 𝛿2(𝑏𝑖−1 − 𝑎𝑖−1), 𝑏𝑖−1] ,
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which together with the analogous condition 𝑥−𝑖+1 = 𝑥+𝑖 yields (using 𝑙𝑖 = 𝑏𝑖 − 𝑎𝑖)
𝑥−𝑖+1 = 𝑥+𝑖

𝑎𝑖 + 𝛿2(𝑏𝑖 − 𝑎𝑖) = 𝑎𝑖−1 + 𝛿(𝑏𝑖−1 − 𝑎𝑖−1)
𝑎𝑖−1 + 𝛿2(𝑏𝑖−1 − 𝑎𝑖−1) + 𝛿2 (𝑏𝑖−1 − 𝑎𝑖−1 − 𝛿2(𝑏𝑖−1 − 𝑎𝑖−1)) = 𝑎𝑖−1 + 𝛿(𝑏𝑖−1 − 𝑎𝑖−1)

𝛿2𝑙𝑖−1 + 𝛿2𝑙𝑖−1 − 𝛿4𝑙𝑖−1 = 𝛿𝑙𝑖−1
𝛿(𝛿3 − 2𝛿 + 1) = 0

𝛿(𝛿 − 1)(𝛿2 + 𝛿 − 1) = 0.
Recall we defined 𝛿−, 𝛿+ ∈ (0, 1), thus 𝛿 ∈ (0, 1) ruling out 𝛿 = 0 and 𝛿 = 1 roots.
What remains is 𝛿2 + 𝛿 − 1 = 0, which has the solution 𝛿 = √5−1

2 .

Moreover, notice that
𝑥−𝑖+1 − 𝑎𝑖
𝑥+𝑖+1 − 𝑎𝑖

=
𝑎𝑖 + 𝛿2𝑙𝑖 − 𝑎𝑖
𝑎𝑖 + 𝛿𝑙𝑖 − 𝑎𝑖

= 𝛿 =
𝑎𝑖 + 𝛿𝑙𝑖 − 𝑎𝑖

𝑙𝑖
=

𝑥+𝑖+1 − 𝑎𝑖
𝑙𝑖

,

i.e., we split the interval [𝑎𝑖, 𝑏𝑖] such that the ratio between the whole [𝑎𝑖, 𝑏𝑖] and
the bigger part [𝑎𝑖, 𝑥+𝑖+1] is the same as between the smaller part [𝑎𝑖, 𝑥−𝑖+1] and the
bigger part. Rephrasing this ratio equality as (using 𝛿2 = 1 − 𝛿)

1
𝛿
=

𝑥+𝑖+1 − 𝑎𝑖
𝑥−𝑖+1 − 𝑎𝑖

=
𝑙𝑖

𝑥+𝑖+1 − 𝑎𝑖

=
𝑥+𝑖−1 − 𝑎𝑖 + 𝑏𝑖 − 𝑥+𝑖−1

𝑥+𝑖+1 − 𝑎𝑖

=
𝑥+𝑖−1 − 𝑎𝑖 + 𝑏𝑖 − 𝑎𝑖 − 𝛿𝑙𝑖

𝑥+𝑖+1 − 𝑎𝑖

=
𝑥+𝑖−1 − 𝑎𝑖 + 𝑙𝑖 − 𝛿𝑙𝑖

𝑥+𝑖+1 − 𝑎𝑖

=
𝑥+𝑖−1 − 𝑎𝑖 + (1 − 𝛿)𝑙𝑖

𝑥+𝑖+1 − 𝑎𝑖

=
𝑥+𝑖−1 − 𝑎𝑖 + 𝛿2𝑙𝑖

𝑥+𝑖+1 − 𝑎𝑖

=
𝑥+𝑖−1 − 𝑎𝑖 + 𝑎𝑖 + 𝛿2𝑙𝑖 − 𝑎𝑖

𝑥+𝑖+1 − 𝑎𝑖

=
𝑥+𝑖−1 − 𝑎𝑖 + 𝑥−𝑖−1 − 𝑎𝑖

𝑥+𝑖+1 − 𝑎𝑖
gives us the relation (1.49) defining the golden ratio, i.e., 𝜏 = 1

𝛿 . The method bears
its name due to this fact. Lastly, see Algorithm 6 for implementation.

1.3.4.3 Fibonacci method

Let us now approach the problem from a different direction. Given the minimiza-
tion problem (1.46) and maximum evaluations 𝑁, we want to shrink the initial
bracket as much as possible.
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Suppose only 2 evaluations are allowed. Then one possibility is to query 𝑓 at thirds
of the initial interval. The final bracket will have a two-thirds length of the initial
interval, but it can be improved. Consider the distance between the evaluations 𝜀,
then the final bracket is guaranteed to shrink to half of the original interval (i.e.,
shrinkage by a factor of 2) as 𝜀 → 0 in the limit sense, see Figure 1.4.

ε

new bracket if xᵢ⁻ < xᵢ⁺

new bracket if xᵢ⁻ > xᵢ⁺

Figure 1.4: Shrinkage by 𝜀-distance between the only two allowed evaluations.

Suppose 𝑁 = 3 evaluations are now permitted. Then the best course of action is to
divide the initial into thirds, which results in the next bracket having 2

3-length. If
we perform the last 𝑓-query in the 𝜀-distance from the interior evaluation of the
previous round (one is guaranteed to lie inside the next-iteration bracket), then by
𝜀 → 0, in the limit sense, we get a shrinkage by a factor of 3, see Figure 1.5.

⅓ ⅔

Figure 1.5: Sketch of the Fibonacci method bracket shrinkage when 𝑁 = 3.

In general, this leads to evaluation given by the Fibonacci numbers

𝐹𝑛 = {
1, 𝑛 ≤ 2,
𝐹𝑛−1 + 𝐹𝑛2, 𝑛 > 2,

which prescribe the queries at

𝑥−𝑖 = 𝑎𝑖−1 +
𝐹𝑁−𝑖−1
𝐹𝑁−𝑖+1

𝑙𝑖−1, 𝑥+𝑖 = 𝑎𝑖−1 +
𝐹𝑁−𝑖
𝐹𝑁−𝑖+1

𝑙𝑖−1. (1.51)

For more details on the derivation, see [45]. Moreover, the Fibonacci series can be
written explicitly using Binet’s formula:

𝐹𝑛 =
𝜏𝑛 − (1 − 𝜏)𝑛

√5
, (1.52)

where 𝜏 is the golden ratio, see Tip 4, from which can be shown

1
𝜌(𝑖)

=
𝐹𝑖
𝐹𝑖−1

= 𝜏
1 − 𝑠𝑖

1 − 𝑠𝑖−1
, (1.53)

where 𝑠 = 1−√5
1+√5

. The algorithm of the Fibonacci method, heavily based on imple-
mentation from [44], is provided in Algorithm 7.
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1.3.5 Newton’s Method
Last, but not least, we shall discuss Newton’s, or Newton-Raphson, method for
finding the roots of a given equation (or a system thereof). The treatment provided
here follows [46]. Suppose we are given a system of equations

𝑓1(𝑥1,… , 𝑥𝑛) = 0
𝑓2(𝑥1,… , 𝑥𝑛) = 0

⋮
𝑓𝑛(𝑥1,… , 𝑥𝑛) = 0

⟺ 𝑭(𝒙) = 𝟎. (1.54)

Let 𝒙𝑖 ∈ ℝ𝑛 be known and fixed, for example, a previous iteration, then (1.54) can
be approximated using Taylor’s series in the neighborhood of 𝒙𝑖. Corresponding
first-order Taylor expansion is

𝑓𝑘(𝒙) ≈ 𝑓𝑘(𝒙𝑖) +
𝑛

∑
𝑗=1

𝜕𝑓𝑘(𝒙𝑖)
𝜕𝑥𝑗

(𝑥𝑗 − 𝑥𝑖𝑗).

Using the vector notation, we can collectively approximate (1.54) as

𝑭(𝒙𝑖) + J𝑖(𝒙 − 𝒙𝑖) = 𝟎, (1.55)

where J𝑖 = ∇𝒙𝑭(𝒙𝑖), i.e., (J𝑖)𝑘,𝑗 =
𝜕𝑓𝑘(𝒙𝑖)
𝜕𝑥𝑗

. Certainly a solution to (1.55) approximates
the true solution to (1.54). Then, by sequentially approximating the true solution
from points getting closer, the approximations also get more accurate. In other
words, we can write the following iterative process to find the true solution (to an
arbitrary accuracy)

𝒙𝑖+1 = 𝒙𝑖 − J−1𝑖 𝑭(𝒙𝑖). (1.56)

While this formula for Newton’s method is very common, we shall also present the
residual form

J𝑖 ⋅ Δ𝒙𝑖+1 = 𝑹(𝒙𝑖), (1.57)

where 𝑹(𝒙) = −𝑭(𝒙) is the residual, and Δ𝒙𝑖+1 = 𝒙𝑖+1 − 𝒙𝑖 is the displacement, which
play the role of unknowns in (1.57). As a careful reader might notice, instead of
requiring an inverse of the Jacobian matrix J𝑖, we have translated it into a linear
system of equations. If J−1𝑖 exists and is numerically stable16, then we can use it to
solve (1.57). On the other hand, if J𝑖 is badly conditioned (or singular), so J−1𝑖 cannot
be reliably found, then one can use iterative methods to find an approximate
solution. Assuming Δ𝒙𝑖+1 is the solution to (1.57), next iteration for (1.56) is
computed as

𝒙𝑖+1 = 𝒙𝑖 + Δ𝒙𝑖+1.
16In such case we can calculate it straight or implicitly via so-called left division, which in Julia

relies on pivoted QR decomposition.
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There are many possible stopping conditions for this iterative Newton’s method,
but often one can see

‖𝒙𝑖 − 𝒙𝑖−1‖ ≤ 𝜀err & ‖𝑹(𝒙𝑖)‖ ≤ 𝜀res,

where 𝜀err is the given tolerance for the solution error and 𝜀res for the residual.

INFO Note 6: Modifications to Newton’s method

Here, we have only discussed the standard Newton’s method, but there exist
several modifications including the Newton-chord method, Newton-Broyden
method, and various quasi-Newton methods.

1.4 Neuronal Dynamics

Neuron is the fundamental building block of the neural system of many living
organisms on Earth. As such, how we understand it directly impacts a significant
portion of our (perception of the) world. Naturally, mathematical models and con-
cepts from computational neuroscience play a key role in this understanding. Let
us note this section is based on [47] and [48], with relevant publications referenced
when needed.

1.4.1 Physiology of a Neuron

Every cell has a cell membrane on its boundary, consisting of a phospholipid bilayer
and irregularly spaced ion channels, which separate the internal structures of the
cell from the surrounding external environment. However, from our point of view,
its most important feature is the selective permeability, which allows it to permit the
passage of certain chemicals while restricting others. As a simplification, we may
assume it lets the potassium cations K+ go through freely but heavily obstructs
the passage of sodium cations Na+. Thanks to this property, a membrane potential
emerges for most cells. The potential is induced by the lower concentration of
positively charged particles (typically potassium cations K+ diffuse outward) inside
the cell than outside. By the interplay of diffusion and Coulomb’s law acting on
particles in and outside of the cell, the membrane potential stabilizes at −70 mV
(typically called the resting potential).

Certain cells, among which are neurons, possess the ability to control the perme-
ability of their membrane. A local change of the permeability is called the action
potential if the change triggers a characteristic sequence of events resulting in the
return to the resting state. On the contrary, a small change is generally compensated
by slow regulating mechanisms.
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INFO Note 7: All-or-nothing law

The threshold for activation of the action potential and its constant character-
istic behavior induce the so-called all-or-nothing law, which says that a neuron
sends a signal if and only if it receives a strong enough impulse and that the
signal is de facto the same every time, see [49].

During the action potential, the corresponding part of the cell membrane opens its
ion channels permeable to Na+. Driven by the electrochemical gradient, these ions
enter the cell, making the membrane potential more positive, a process known as
depolarization. This change triggers the opening of voltage-gated potassium (K+)
channels, allowing K+ ions to flow out of the cell, thereby restoring the membrane
potential in a process called repolarization. This, in turn, hyperpolarizes the cell
membrane (the membrane potential is even lower than the resting value at this
point). The entire process is then slowly reversed as sodium cations exit the cell
and are replaced by potassium cations. Note that the overpopulation of Na+ inside
the cell restricts its ability to undergo the action potential until it sufficiently lowers,
limiting the possible spiking frequency of an individual neuron.

Although the action potential is fundamentally a local behavior of the neuronal cell
membrane, it triggers a chain reaction around the initial point of excitation, which
causes neighboring parts of the membrane to undergo the same process.

1.4.2 Conductance-based Models
As can be seen from the previous subsection, a key quantity for a mathematical
model of a single isolated neuron is likely to be the membrane potential, ideally
affected by variables describing the permeability of various ion channels. Indeed,
conductance-based models, see [50], are established on an equivalent circuit repre-
sentation of a cell membrane, introduced by Hodgkin and Huxley [51]. Here, ion
channels of an excitable cell are modeled as conductances and its lipid bilayer by a
capacitor. In its simplest form, a conductance-based model represents a neuron by
a single compartment with homogeneous potential, disregarding ion movements
between subcellular compartments, and captures only ion movements between the
inside and outside of the cell.

The original model by Hodgkin and Huxley [51], constructed based on measure-
ments of the giant axon of a squid, reads as

𝐼ext = 𝐶𝑉̇ + 𝑔𝐾𝑛4(𝑉 − 𝑉𝐾) + 𝑔𝑁𝑎𝑚3ℎ(𝑉 − 𝑉𝑁𝑎) + 𝑔𝐿(𝑉 − 𝑉𝐿),
𝑛̇ = 𝛼𝑛(𝑉)(1 − 𝑛) − 𝛽𝑛(𝑉)𝑛,
𝑚̇ = 𝛼𝑚(𝑉)(1 − 𝑚) − 𝛽𝑚(𝑉)𝑚,
ℎ̇ = 𝛼ℎ(𝑉)(1 − ℎ) − 𝛽ℎ(𝑉)ℎ,

(1.58)

where 𝐼𝑐 = 𝐶𝑚𝑉̇ describes the current flowing into the lipid bilayer capacitance
(𝐶 is the capacity of the membrane) and 𝐼ion𝑖 = 𝑔𝑖(𝑉 − 𝑉𝑖) current through a given
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ion channel17 𝑖 as the product of its conductance 𝑔𝑖 and the corresponding driving
potential 𝑉 − 𝑉𝑖. Here, 𝑉𝑖 denotes so-called reverse potentials, which capture asso-
ciated resting potentials. Lastly, 𝑚, 𝑛, ℎ model the probabilities of respective ion
channels being open. The exact formulas for functions 𝛼𝑖, 𝛽𝑖 with 𝑖 = 𝑚, 𝑛, ℎ, and
parameter values can be found in the original article.

The several conductance-based models, founded on the Hodgkin–Huxley formal-
ism, appeared after the breakthrough publication of Hodgkin and Huxley. Among
the most influential is the Morris–Lecar model, see [52], which they formulated
after studying the muscle fiber of a barnacle. Nevertheless, nowadays it is used to
model the dynamics of human neurons. It reduces the 4-dimensional Hodgkin–
Huxley model into 2 dimensions, see [53],

𝐶𝑉̇ = −𝑔𝐶𝑎𝑚∞(𝑉)(𝑉 − 𝑉𝐶𝑎) − 𝑔𝐾𝑤(𝑉 − 𝑉𝐾) − 𝑔𝐿(𝑉 − 𝑉𝐿) + 𝐼ext,

𝑤̇ =
𝑤∞(𝑉) − 𝑤

𝑇𝑤(𝑉)
,

(1.59)

where 𝑤 is the “recovery variable” for the K+ channel prescribing the probability of
the corresponding ion channel being open. Moreover, the open-state probability
functions 𝑚∞, 𝑤∞ are derived from assumptions about the steady-state and its
distribution of open and closed ion channels. Finally, 𝑇𝑤 is used to set a correct
timescale for 𝑤.

The last model we shall consider is the interneuron model proposed by White et al.,
see [54]. It was used to describe the synchronization of oscillations and the loss
thereof in a network of inhibitory neurons. Nonetheless, it allows us to fast-spiking
neuron cells. The governing equations read as, see [4],

𝐶𝑉̇ = 𝐼ext −
𝐼𝐿

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑔𝐿(𝑉 − 𝑉𝐿) −
𝐼𝑁𝑎

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑔𝑁𝑎𝑚3ℎ(𝑉 − 𝑉𝑁𝑎) −
𝐼𝐾

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑔𝐾𝑛4(𝑉 − 𝑉𝐾),

ℎ̇ =
ℎ∞(𝑉) − ℎ
𝑇ℎ(𝑉)

,

𝑛̇ =
𝑛∞(𝑉) − 𝑛
𝑇𝑛(𝑉)

,

(1.60)

where 𝐶 again indicates the capacitance of the neuronal membrane, 𝐼ext is the
external stimulus and 𝐼𝐿, 𝐼𝑁𝑎, 𝐼𝐾 incorporate the relationship between themembrane
voltage 𝑉 (typically in 𝑚𝑉) and currents through respective channels. Analogously,
𝑔𝑖 and 𝑉𝑖 act as the maximum conductance and reverse potential, respectively,
for an ion channel 𝑖. Researchers noticed that the recovery variable 𝑚 in (1.58)
almost immediately converges to its corresponding steady state, thus using the
slow-fast dimensionality reduction method, they replaced it with its asymptotic

17Note that 𝐿 denotes the abstract leak ion channel, which aggregates all the smaller, less-
significant ion channels into one.
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value (so-called quasi-equilibrium)18,

𝑚 = 𝑚∞(𝑉) =
1

1 + exp (−0.08(𝑉 + 26))
.

The dynamics of activation variables ℎ, 𝑛 are further related to their corresponding
steady-state distributions and correctly scaled in time, i.e.,

ℎ∞(𝑉) =
1

1 + exp (0.13(𝑉 + 38))
, 𝑇ℎ(𝑉) =

0.6
1 + exp (−0.12(𝑉 + 67))

,

𝑛∞(𝑉) =
1

1 + exp (−0.045(𝑉 + 10))
, 𝑇𝑛(𝑉) = 0.5 +

2
1 + exp (0.045(𝑉 − 50))

.

Our choice of parameters is based on [5],

𝐶 = 1, 𝑔𝐿 = 0.1, 𝑔𝑁𝑎 = 30, 𝑔𝐾 = 20,
𝐼ext = 24, 𝑉𝐿 = −60, 𝑉𝑁𝑎 = 45, 𝑉𝐾 = −80.

(1.61)

1.4.3 Couplings

So far, we have only studied single neurons, but in nature, a far more common
occurrence is a (large) coupled network of neurons. However, for simplicity, we
shall devote our attention only to a case of 2 weakly coupled neurons. For more
information, see [55].

In general, couplings can be either chemical or electrical. In the case of electrical
coupling, there is a direct connection from one neuron to another, facilitated via a
channel or a gap junction. Althoughmore common is the (slower) chemical synapse
(also called the synaptic coupling), per [54] and [56], we will consider solely the
electrical coupling (our goal is to study high-frequency oscillations, which would
be inhibited by the use of slow coupling).

We model the gap-junctional coupling effect as external currents directly propor-
tional to the differences between membrane potentials for both coupled neurons.
In particular, it yields

𝐶𝑖𝑉̇𝑖(𝑡) = 𝐼ext − 𝐼channels𝑖 (𝑡) − 𝜆(𝑉𝑖(𝑡) − 𝑉 ̂𝑖(𝑡 − 𝜏)),
⋮

(1.62)

where 𝑉𝑖 marks the membrane potential of the 𝑖-th neuron, 𝐶𝑖 capacity of its
membrane, 𝜆 is the coupling strength, ̂𝑖 denotes the “opposite” coupled neuron,
and 𝜏 > 0 a possible delay in the information introduced by the coupling. As such,

18An attentive reader may notice that a deviation from the quasi-equilibrium is often used for
modelling of recovery variables, see, for instance, (1.59) or (1.60).
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the system of two 𝜆-weakly coupled interneurons, see (1.60), becomes

𝐶1𝑉̇1(𝑡) = 𝐼ext − 𝑔𝐿(𝑉1(𝑡) − 𝑉𝐿) − 𝑔𝑁𝑎𝑚3
∞(𝑉1(𝑡))ℎ1(𝑡)(𝑉1(𝑡) − 𝑉𝑁𝑎)

− 𝑔𝐾𝑛4
1(𝑡)(𝑉1(𝑡) − 𝑉𝐾) − 𝜆(𝑉1(𝑡) − 𝑉2(𝑡 − 𝜏)),

ℎ̇1(𝑡) =
ℎ∞(𝑉1(𝑡)) − ℎ1(𝑡)

𝑇ℎ(𝑉1(𝑡))
,

𝑛̇1(𝑡) =
𝑛∞(𝑉1(𝑡)) − 𝑛1(𝑡)

𝑇𝑛(𝑉1(𝑡))
,

𝐶2𝑉̇2(𝑡) = 𝐼ext − 𝑔𝐿(𝑉2(𝑡) − 𝑉𝐿) − 𝑔𝑁𝑎𝑚3
∞(𝑉2(𝑡))ℎ2(𝑡)(𝑉2(𝑡) − 𝑉𝑁𝑎)

− 𝑔𝐾𝑛4
2(𝑡)(𝑉2(𝑡) − 𝑉𝐾) − 𝜆(𝑉2(𝑡) − 𝑉1(𝑡 − 𝜏)),

ℎ̇2(𝑡) =
ℎ∞(𝑉2(𝑡)) − ℎ2(𝑡)

𝑇ℎ(𝑉2(𝑡))
,

𝑛̇2(𝑡) =
𝑛∞(𝑉2(𝑡)) − 𝑛2(𝑡)

𝑇𝑛(𝑉2(𝑡))
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎭

(1.63)

In practice, numerical experiments in neuroscience are often hard to set up due
to the complicated nature of the formulas of the systems and sheer number of
their parameters. As such, throughout the work on this thesis, we developed a
Julia package NeuronToolbox.jl, see its Git repository, to aid in this process. We
illustrate this on a coupled pair of an interneuron model (1.60) and a Morris-Lecar
model (1.59). The coupling is facilitated through a gap junction, see (1.62), with
the coupling strength 𝜆 = 0.01 and corresponding delay 𝜏 = 0.01.
using NeuronToolbox, ComponentArrays

IN_params = ComponentVector(C=1, I=24, gL=0.1, EL=-60,
gNa=30, ENa=45, gK=20, EK=-80)

ML_params = Models.MorrisLecarUtils.example_parameters()

IN = Models.Interneuron(IN_params)
ML = Models.MorrisLecar(ML_params)

lambda = 0.01
tau = 0.01
sync_coupling = Couplings.FirstVarDifference(lambda)
async_coupling = Couplings.OneStepDelayed(sync_coupling,

partition(2, [3, 2]), tau)

coupled_pair = Networks.CoupledPair(IN, ML, async_coupling)

The resulting network coupled_pair can then be used as a normal function pre-
scribing a (delay) differential equation with DifferentialEquations.jl. Also note that
we provide various different models and network types, e.g., an 𝑚 ×𝑚 adjacency
matrix coupling for a system of 𝑚 models.

https://gitlab.com/sceptri-university/gamu/neuron-toolbox


Chapter 2

Grid Simulation Approach

2.1 Problem Formulation
Neuroscience is among the richest applications of mathematics in the current day
and age. In neuronal dynamics, synchronization phenomena occurring in networks
of individual neurons are of particular importance. These complex patterns have
been tied to the very fundamental capabilities of the brain, be it information
processing, memory encoding, or the generation of rhythmic brain activity, see
[57], [58].

Although it is likely safe to assume a certain level of robustness of brain functions
regarding anomalies in the synchronization pattern, significant abnormalities in
the rhythmic brain activity can be attributed to neurological disorders. The sheer
variety of neurological disorders invalidates any sort of comprehensive study in a
mere master’s thesis, thus we shall limit ourselves to focal epilepsy. Let us note
that it is still a vast topic in both neurology and applied mathematics and we will
only manage to scratch the surface.

From the perspective of neuronal dynamics, these abnormalities (in the case of focal
epilepsy) manifest themselves as anomalous synchronization within the neuronal
network and can lead to spontaneous seizures, see [59]. This type of synchro-
nization is often closely linked to the presence of fast ripples (oscillations in the
frequency range 250–600 Hz), very-fast ripples (600 - 1000 Hz), ultra-fast rip-
ples (1000–2000 Hz), and ultra-fast oscillations (UFOs, above 2000 Hz) within
depth electroencephalographic (EEG) recordings from patients with focal epilepsy.
This possible connection between focal points of drug-resistant epilepsy and high-
frequency EEG reading in their vicinity has been the cause of significant research
interest due to the potential use as biomarkers for epileptogenic zones, see [60], [61],
[62], [63], [64], [3], [65], and [2]. Let us note the exact mechanism governing these
high-frequency oscillations in EEG signals remains unknown, when physiological
limitations of action potential firing rates are taken into account, see [7].

Conducted research sheds light on the role of anti-phase synchronization as a

– 45 –
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possible mechanism for the emergence of HFOs and VFHOs in epileptic EEG
signals, see [5], [4], and [56]. The applied part of this thesis is mainly based on [56]
(the author of this thesis also contributed to the publication), although our focus
will be the comparison between bifurcation- and simulation-based approaches to
the same problem.

Let us thus consider two weakly coupled oscillators (e.g., neurons, clusters thereof,
neural masses, etc.). For illustration, these will be two interneuron models con-
nected by a (possibly delayed) gap-junctional coupling, see Section 1.4. By phase
synchronization, we understand two (or more) cyclic signals featuring a consistent
relationship between their phases. Note that the amplitudes or even frequencies
may differ. Understanding of this phenomenon, often called phase locking in the
context of bifurcation theory, can be aided by examining corresponding Arnold
tongues, which are regions where a phase synchronization occurs, see [66], [13].

We shall be primarily interested in a system consisting of 2 weakly coupled os-
cillators with a possible delay in the coupling. In such systems, regions of phase-
synchrony between the two oscillators may arise for certain values of the coupling
strength and some parameter, which influences the oscillation frequency of one of
the oscillators. Then, by the continuous dependence of the solution on parame-
ters and initial values for both the ODEs, see [22] (Theorem 1.3), and DDEs, see
[27] (Chapter 2.2), we can explore the phase-shift in the coupled system via small
changes in both parameters.

In general, the system of interest takes the following DDE form,

̇𝒙1(𝑡) = 𝒇(𝒙1(𝑡); 𝜔1) + 𝜆𝑲(𝒙1(𝑡), 𝒙2(𝑡 − 𝜏), 𝜎),
̇𝒙2(𝑡) = 𝒇(𝒙2(𝑡); 𝜔2) + 𝜆𝑲(𝒙1(𝑡 − 𝜏), 𝒙2(𝑡), 𝜎),

(2.1)

where 𝒙1(𝑡), 𝒙2(𝑡) ∈ ℝ𝑛 are the state variables, 𝜔1, 𝜔2 ∈ ℝ parameters influencing
oscillation frequencies of the respective models, 𝜎 is an arbitrary fixed phase
parameter, and 𝜆 ∈ ℝ+

0 the coupling strength. Lastly, 𝑲 represents the coupling
function. Note that 𝒙𝑖 does not have to represent a single neuron (or model thereof),
but even synchronized clusters of neurons or neural masses1.

2.2 Grid-Based Phase-Shift Computation
Throughout this section, we shall iteratively develop a framework for computa-
tion of the phase-shift on the anti-phase tongue for 2 weakly coupled oscillators,
most often neurons, their synchronized clusters, or neural masses. Note that the
algorithms and procedures described in this section had been formed and tested
gradually throughout the research process and are the original work of the author.
This should also explain the lack of references.

1Neural mass models approximate the behavior of large clusters of neurons based on statistically
reasoned simplifications.
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Thus consider the system (2.1) and choose 𝜔1 or 𝜔2 as the free parameter2. For
illustration purposes, we shall use 2 interneuron models, see (1.63), with delayed
gap-junctional coupling, see Section 1.4.3, e.g., 𝜏 = 0.01, and treat 𝜔2 (through
𝐶2 for (1.63)) as the free parameter. Moreover, assume bounds 𝜔− ≤ 𝜔2 ≤ 𝜔+ and
corresponding discretization

𝜔−
⏞𝜔0
2 < 𝜔1

2 < ⋯ <
𝜔+
⏞𝜔𝑁Ω
2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Ω

,

with analogous bounds and discretization chosen for 𝜆 as well, producing set Λ of
permissible values for 𝜆. Both are most often chosen as equidistant partitions of
intervals stemming from respective bounds. We shall denote 𝕄 = Ω × Λ the mesh
of all possible combinations of 𝜔𝑖

2 and 𝜆𝑖 and let

ℐ[𝕄] = {𝒊 = (𝑖1, 𝑖2) ∈ ℕ2
0 | 0 ≤ 𝑖1 ≤ 𝑁Ω, 0 ≤ 𝑖2 ≤ 𝑁Λ}

be the set of all possible indices in 𝕄.

The most straightforward way to determine for which pairs (𝜔2, 𝜆) ∈ 𝕄 the coupled
system (2.1) features a stable3 anti-phase cycle is to solve the (2.1) forward in time
from a fixed initial condition 𝝓 ∈ 𝕏𝐶 on a fixed time interval [0, 𝑡end]. This is a
reasonable methodology if we assume the system converges to the synchronized
cycle and that we chose a long-enough transient, included in the interval [0, 𝑡end],
such that we end up in an acceptably small neighborhood around the limit cycle.

In case there is no delay in the coupling, i.e., 𝜏 = 0, then we can integrate the system
forward in time, see Section 1.3.1. Similarly, for delayed coupling, one can employ
the method of steps, which allows for an analogous forward-in-time integration,
see Section 1.3.2. Either way, this results in 2 trajectories, both corresponding
to evaluations at times {𝑡𝑖}𝑁𝑖=0, namely {𝒙𝑖

1}
𝑁
𝑖=0 and {𝒙𝑖

2}
𝑁
𝑖=0, each for one oscillator.

Moreover, denote by

{𝝃𝑖}𝑁𝑖=1 = {(𝒙
𝑖
1

𝒙𝑖
2
)}

𝑁

𝑖=0

the joint trajectory. For simplicity, we shall assume that the time interval is divided
equidistantly, i.e., there is a constant time-step Δ𝑡.

Now, we face 2 main challenges:

1. How to determine the period 𝑇 of the coupled system (2.1)?
2. Knowing the period 𝑇, how to calculate the phase-shift 𝛽 between the oscilla-

tors?

Let us note the following numerical experiments and calculations were accom-
plished in Julia using a custom-made package GridWalker.jl.

2This choice is without loss of generality in case 𝑲(⋅, ⋅) is symmetric.
3Note that this method is effectively unable to compute unstable cycle manifolds due to the

methodology itself.

https://gitlab.com/sceptri-university/gamu/gridwalker.jl
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2.2.1 Period Searching

To calculate the joint period 𝑇 of (2.1) from {𝝃𝑖}𝑁𝑖=0, we propose two distinct methods.
The first method relies on the fact that for capacitance-based models of neurons,
there are certain notable components, e.g., the membrane potential, which should
predominantly determine the overall behavior of the neuronal model. Moreover,
we assume the periodic signal of this state variable behaves rather nicely, attaining
a single (local) minimum and maximum on the repeating section of the minimal
period. However, in practice, we distinguish twomain types of neuronal oscillations
(behaviors). Neuronal spiking, for which our assumptions hold, is a simple type of
neuronal oscillation. It is complemented by a more complex bursting behavior, as is
present in pyramidal cells, see [6]. In such a case, an envelope must be constructed,
which then allows us to use our methodology on the envelope itself. Nevertheless,
by choosing the 𝑗-th element of the state vector corresponding to the coupledmodel,
we get a 1-dimensional time series {𝜉𝑖𝑗}

𝑁
𝑖=0

. One can then compute first differences

{Δ𝜉𝑖𝑗}
𝑁
𝑖=1

, where Δ𝜉𝑖𝑗 ∶= 𝜉𝑖𝑗 − 𝜉𝑖−1𝑗 .

Clearly, (local) extrema of the time series {𝜉𝑖𝑗}
𝑁
𝑖=0

occur when the differences {Δ𝜉𝑖𝑗}
𝑁
𝑖=1

change sign4. In other words, we attempt to detect peaks (which should reflect the
true period) as indices satisfying

𝑖 is a peak ⟺ Δ𝜉𝑖𝑗 > 0 ∧ Δ𝜉𝑖+1𝑗 < 0.

Let us denote 𝐼↑𝑗 the set of all peaks originating from the choice of notable index 𝑗,
then the period 𝑇 can be approximated as the Δ𝑡 multiple of the mean difference
Δ𝐼↑𝑗 of the peak indices, i.e.

𝑇 ≈ 𝑇̂Δ = Δ𝑡 ⋅ Δ𝐼↑𝑗 .

We shall call 𝑇̂Δ the differences period estimate. Note that while this method is rather
inexpensive from the computational point of view, it depends on the appropriate
choice of 𝑗 and the necessary assumption that the period of 𝜉𝑗 accurately reflects
the period of the joint oscillation. For an example, see Figure 2.1.

LIGHTBULB Tip 5: On the length of the monotony of 𝜉𝑖𝑗

Currently, we require the 𝜉𝑖𝑗 to be strictly increasing for only one step left of
a peak and decreasing also for only one step right of the peak. This can be
extended to require 𝜉𝑖𝑗 to be increasing for 𝑘+ steps on the left and decreasing
for 𝑘− steps on the right of a peak. Such modification allows us to detect
periods of much more complicated signals.

4The order determines whether its a local minimum or maximum.
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Figure 2.1: Approximation of the period of a test function 𝑦(𝑡) = sin(𝑡) + cos(2𝑡+𝜋
3 )

3
(with true period 2𝜋) by differences period estimation method.

The second approach one can use is less heuristic but potentially more computa-
tionally intensive. Naturally, the joint period 𝑇 should minimize the discrepancy
between 𝑡 and 𝑡 + 𝑇 states, i.e.,5

𝑇 = min{argmin
𝑇>0

∫
𝑏

𝑎
‖𝝃(𝑡) − 𝝃(𝑡 + 𝑇)‖ d𝑡} , (𝑎, 𝑏) ⊂ ℝ. (2.2)

As it stands, (2.2) is infeasible to solve computationally, but one can rather easily
discretize it using {𝝃𝑖}𝑁𝑖=0 to obtain

𝑇̂min,𝑃 = argmin
𝑇∈𝑃

𝑓𝝃(𝑇)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑖end−𝑇

∑
𝑖=0

‖𝝃𝑖 − 𝝃𝑖+⌊𝑇/Δ𝑡⌋‖, (2.3)

where 𝑃 = (𝑝−, 𝑝+), with 𝑝+ > 𝑝− > 0, is a chosen interval and 𝑖end−𝑇 denotes the
maximum index 𝑖 such that 𝑡𝑖 ≤ 𝑡end − 𝑇. The discretized problem (2.3) can now be
solved using discussed optimization methods for one-dimensional optimization,
see Section 1.3.4, under the assumption of unimodality!6

Note that 𝑇̂min,𝑃 is not guaranteed to approximate the minimal period. In practice,
we often repeat solving (2.3) for multiple values of 𝑃𝑖 and choose the estimate
𝑇̂min,𝑃𝑖 with the least error. In particular, we found that using 𝑃𝑖 = (𝑝−,

𝑝+
2𝑖−1 ) gives

satisfactory results. Moreover, for a short interval 𝑃, the unimodality of the loss
function corresponding to (2.3) is likely to be satisfied. In addition, Figure 2.2
illustrates the algorithm.

5We are interested in the minimal period, thus we add min to select the least of all permissible
values in (2.2).

6Without unimodality, these methods converge to a local minimum near the starting point.
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Figure 2.2: Approximation of the period of a test function 𝑦(𝑡) = sin(𝑡) + cos(2𝑡+𝜋
3 )

3
(with true period 2𝜋) by optimal period estimation method.

LIGHTBULB Tip 6: Modifications to the optimal period method

In (2.3), we have used the full state vector for discrepancy calculation, but
similarly as with the computation of 𝑇̂Δ, one can choose only a sub-vector as
well. Another common modification is to calculate the dissimilarity in (2.3)
after a certain transient has passed (such that we presume we have converged
to the cycle after the transient), i.e., on the interval with indices from 𝑖start to
𝑖end−𝑇.

2.2.2 Shift Searching
After one has successfully estimated the period in the joint model, what remains is
to approximate the shift between the two oscillators of (2.1). This can be achieved
by solving a very similar problem (2.3), namely

̂𝛽𝑑 = argmin
𝛽∈𝑄

𝑖end−𝛽

∑
𝑖=𝑖start

𝑑 (𝒙𝑖
1, 𝒙

𝑖+⌊𝛽/Δ𝑡⌋
2 ) , (2.4)

where 𝑄 = (𝑞−, 𝑞+) is a chosen interval with 0 ≤ 𝑞− < 𝑞+ < 𝑇̂ and 𝑑 is a metric.
Commonly, metrics induced by 𝐿2-norm ‖⋅‖2 or maximum-norm ‖⋅‖∞ are used.
Moreover, 𝑖start can again be used to offset the computation of shift 𝛽 after a transient
has passed.

Note that we shall primarily focus on calculating a shift 𝛽 between periodic trajec-
tories of a notable component 𝑗 in each of the oscillators, i.e.,

̂𝛽𝑑,𝑗 = argmin
𝛽∈𝑄

𝑖end−𝛽

∑
𝑖=𝑖start

𝑑 (𝑥𝑖1,𝑗, 𝑥
𝑖+⌊𝛽/Δ𝑡⌋
2,𝑗 ) . (2.5)
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In total, (2.4) and (2.5) both lead to a one-dimensional optimization problem on a
given interval and as such can be solved using methods proposed in Section 1.3.4.
In particular, in the case of shift searching, the unimodality of the corresponding
loss function seems to be satisfied more generally.

For a comparison of computed shifts in regards to period estimation based on
differences and optimization, see Figures 2.3 and 2.4. There, it is apparent the
central Arnold tongue has a rather sharp boundary at some places, which is desired
from the theoretical point of view, see [13] and [56], as it is known that Arnold
tongues are bordered by limit point of cycle curves, see Note 8. On the other
hand, for both low and high values of 𝜆, our approximation of the tongue is
either smoothed out (likely signaling that our choice of the initial condition was
suboptimal) or scattered.

INFO Note 8: Arnold tongue

In general, Arnold tongues are regions (in parameter space) of rational7 syn-
chrony near a Neimark-Sacker bifurcation. For a continuous-time dynamical
system, this, in essence, means that a given cycle switches stability and a torus
with the opposite stability emerges around it (i.e., a stable cycle loses stability
when it undergoes the supercritical Neimark-Sacker bifurcation while a stable
torus appears around the now-unstable cycle). The dynamics on the torus
then provide the two “directions of oscillation”, for which we can study its syn-
chrony. Furthermore, two weakly coupled oscillators themselves are governed
by dynamics on a torus, such that the influence of coupling strength 𝜆 mimics
the transition generically originating from the Neimark-Sacker bifurcation.

2.2.3 Starters, Iterators, and Indexers

2.2.3.1 Starters

So far, we have utilized a rather naive approach of always using the same predeter-
mined starting condition — we shall refer to this as a cold start8. Nevertheless, we
have no guarantee such a choice was optimal for any grid point, much less for the
entire grid.

A natural solution to this problem is to reuse trajectories we have already computed
for some other combination of parameters. In general, it is going to be beneficial
to use choose as an initial condition the endpoint of the trajectory corresponding

7By rational synchrony we mean phase-locked synchronization in the form 𝑝 ∶ 𝑞, 𝑝, 𝑞 ∈ ℕ
indivisible, i.e., one period consists of 𝑝 revolutions around the first axis and 𝑞 revolutions around
the second. For two weakly coupled oscillators, this translates to a period of the full system being
completed after 𝑝 periods of the first oscillators and 𝑞 of the second one.

8For reference on the terminology, see the cold start Wikipedia entry.

https://en.wikipedia.org/wiki/Cold_start_(recommender_systems)
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(a) Differences period estimation (b) Optimal period estimation

Figure 2.3: Heatmap of shifts 𝛽 between two 𝜆-weakly coupled interneuron models
with respect to 𝐶2 without delay. Grid is determined as 75-point discretizations
of intervals of interest for both 𝐶2 and 𝜆. At every point the same initial condi-
tion 𝝓(⋅) ≡ 𝒖0 was used. The left figure presents the shift heatmap based on the
differences period, whereas the right figure shows the optimal period-based shift.
Trajectories are computed for 1500 ms, periods are computed on the last 20%, and
shifts on the last 10% of their lengths. Note that the optimal period is calculated
by halving the upper constraint up to 4 times. The shift is estimated based on the
first state variable, i.e., 𝑉, in both interneurons.

(a) Differences period estimation (b) Optimal period estimation

Figure 2.4: Heatmap of shifts 𝛽 between two 𝜆-weakly coupled interneuron models
with respect to 𝐶2 with delay 𝜏 = 0.05. Note that except for the time integration
(performed by the continuous ODE method, see Section 1.3.2), the same methods
were used as in Figure 2.3.
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to parameter values close to our current ones. Moreover, we want to consider
only those nearby parameter values such that their trajectories lead to anti-phase
synchronization. In total, the optimal reference index starter(𝒊) ∈ ℐ [𝕄], from
which to read the new initial condition, for the shift computation at 𝒊 (using
𝒊 ∈ ℐ [𝕄] to denote the combined index in both axis of the grid 𝕄) is given by the
following minimization problem,

starterℐ[𝕄](𝒊) = argmin
𝒋∈ℐ[𝕄]

loss(𝒊, 𝒋 , 𝛽𝒋), (2.6)

where we use either the multiplicative loss,

lossmult(𝒊, 𝒋 , 𝛽) = ‖𝒊 − 𝒋‖ ⋅ (|𝛽 −
1
2
| + 𝑐) , (2.7)

where 𝑐 > 0 is an offset to the discrepancy in the shift from anti-phase, or the
additive loss,

lossadd(𝒊, 𝒋 , 𝛽) = 𝑐1 ‖𝒊 − 𝒋‖ + 𝑐2 |𝛽 −
1
2
| , (2.8)

where 𝑐1, 𝑐2 > 0 are chosen weights, see GridWalker.jl Git repository. Note that we
will use additive loss (2.8) if not stated otherwise, as it seemed to perform generally
better for our needs. Moreover, we deduced from our experimentation that it was
better to prioritize minimizing the loss difference as opposed to distance9.

While this approach is ideal in theory, in practice we run into two main issues.
Firstly, during the computation, some of the indices are not yet evaluated, thus we
do not know their respective values of shifts 𝛽𝒊. This can be remedied by defining
the set of all evaluated indices ℐ𝐸 [𝕄] and restricting (2.6) to it, yielding

starterℐ𝐸[𝕄](𝒊) = argmin
𝒋∈ℐ𝐸[𝕄]

loss(𝒊, 𝒋 , 𝛽𝒋). (2.9)

2.2.3.2 Indexers

The second issue is present even in (2.9), and it is the dependence on the entire
grid. Indeed, for distant indices the loss function, be it (2.7) or (2.8), will be large
and irrelevant for the minimum. Hence, we can define an indexer function

indx ∶ ℐ [𝕄] → 2ℐ[𝕄] (2.10)

specifying a permissible neighborhood for every point of the grid.

Arnold tongues have a distinct shape, see [19], [13], or [56], which we can exploit
to restrict the search space of a starter. Indeed, if we assume the Arnold tongue
with the anti-phase synchrony is present approximately in the middle of our grid

9As will be evident later, by using an indexer we limit possible discrepancy in indices (i.e., the
parametric distance). This effectively supercharges the effect of 𝑐1 in (2.8), as it is technically
included in the construction of the indexer (thus forcing us to prioritize shift discrepancy).

https://gitlab.com/sceptri-university/gamu/gridwalker.jl/-/blob/main/src/WalkerParameters.jl?ref_type=heads#L28-29
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𝕄, then elements closer to the center are more likely to live inside the tongue (and
therefore be a good initial guess for anti-phase synchronized trajectories for nearby
parameter values). Thus, choosing a starter only among evaluated indices on the
diagonal from the current index to the center of ℐ[𝕄] up to some distance away,
as can be seen in the following illustration, should not worsen our initial guess as
compared to the full warm starter.

center of ℐ[𝕄]
↗

∘3 ∘3 ∘3 ∘3
∘2 ∘2 ∘2 ∘3
∘1 ∘1 ∘2 ∘3
•𝒊 ∘1 ∘2 ∘3

We refer to the describedmethod as the diagonal indexer of length 𝑙indx ∈ ℕ (example
shown with 𝑙indx = 3). The combination of a warm starter with indexer, which we
shall call an indexed starter, yields the minimization problem

starterindx𝐸(𝒊) = argmin
𝒋∈ℐ𝐸[𝕄]∩indx(𝒊)

loss(𝒊, 𝒋 , 𝛽𝒋). (2.11)

Depending on the choice of the indexer, an indexed starter might bring a very
important computational benefit of constant complexity with respect to grid size.
Indeed, by employing a fixed-length diagonal indexer, the indexed starter10

starterindx𝐸(𝒊) requires comparison of at most 𝑙2indx − 1 values of loss(𝒊, 𝒋 , 𝛽𝒋), where
𝑙indx ll min {𝑁Ω, 𝑁Λ}.

2.2.3.3 Iterators

So far, we have discussed how to choose initial conditions from endpoints of
already computed trajectories and how to limit the number of candidate indices.
The last undetermined process is the actual order of evaluation of indices. For cold
starts, the order could be arbitrary, as it did not influence the rest of the algorithm.
However, forwarm (2.9) and indexed starters (2.11), we have an explicit dependence
on already evaluated indices and their corresponding trajectories. In both cases, if
no viable indices are found, the starter falls back to a fixed initial condition (i.e., to
cold starter).

The “natural” order of iteration along the mesh is deduced from its representa-
tion in the Julia code as two separate ranges. Then iterating over their cartesian
product, i.e., the grid 𝕄, amounts to subsequently evaluating each column of 𝕄,
see Figure 2.5a. Notice that such evaluation order is suboptimal for the diagonal
indexer, which will likely default to a cold start for indices on the left side of the
grid.

10The naive warm starter has a time complexity 𝑂(𝑁Ω ⋅ 𝑁Λ) when considering the computation
of shift to have constant complexity for all indices 𝒊.
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(a) Line iterator (b) Centered spiral iterator (c) Shifted spiral iterator

Figure 2.5: Heatmaps indicating evaluation order (from black to white) for different
kinds of iterators from GridWalker.jl.

From the perspective of stability of tongue detection, a more robust strategy is to
start the evaluation order from the (presumed) center of the tongue and spirally
iterate outwards. This way, an indexed starter can likely initialize from a paramet-
rically nearby trajectory in anti-phase synchronization because suitable candidates
are evaluated first, see Figure 2.5b and Figure 2.5c.

All these concepts can now be combined. In Figure 2.6, one can see the same
heatmaps corresponding to the shift between two weakly coupled interneurons as
in Figures 2.3 and 2.4. In particular, an indexed starter starterindx was used with
diagonal indexer of length 𝑙indx = 10 on a 75-by-75 grid 𝕄. An additive loss (2.8)
was used for the starter in conjunction with a spiral iterator from the true center.
The rest of the experiment setup follows Figure 2.3.

(a) 𝜏 = 0 (b) 𝜏 = 0.025

Figure 2.6: Heatmap of shifts 𝛽 between two 𝜆-weakly coupled interneuron models
with respect to 𝐶2 with and without delay. The heatmaps are computed by utilizing
introduced techniques of starters, indexers, and iterators. The rest of the procedure
follows Figure 2.3 and Figure 2.4.

Notice that in Figure 2.6a, the boundary of the tongue for higher coupling strengths
is sharper than in Figure 2.3. Also, sub-tongues present in all previous results now
appear thinner and more distorted.
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2.2.4 Periodicity Checkers
In Figures 2.3 to 2.6, we have always computed a trajectory for each parameter
combination belonging to a point on the grid 𝕄 and then attempted to find the
corresponding period and shift. This relied on the assumption that the (joint)
trajectory is always periodic, and thus all necessary quantities are well-defined and
can be computed. In case the assumption does not hold, we will still get an output,
but potentially a nonsensical one.

In other words, one should check the periodicity of the trajectory for each parameter
combination. If periodicity is not confirmed, we can skip the rest of the algorithm,
saving valuable computing time.

There are several ways one might go about determining periodicity. One possibility
is to consider a band around a reference valuewith respect to 𝒙1,𝑖, the 𝑖-th coordinate
of the state corresponding to the first oscillator — local maxima work especially
well for this approach. Then we can select indices of all data points lying inside
this band and study the distribution of 𝑖-th coordinate of trajectory points for the
2nd oscillator, i.e., 𝒙2,𝑖, at these indices. However, this method is very sensitive to
the width of the band and the reference value, rendering it almost unusable in
practice.

An alternative approach is to detect peaks of 𝒙1,𝑖, the 𝑖-th coordinate of the trajectory
of the 1st oscillator. This again prescribes an index set 𝐼, which we can apply to
𝒙𝐼
2,𝑖. Then, we can check whether 𝒙𝐼

2,𝑖 follows chosen criteria, e.g., stay within a
predefined range. If this check is successful, we assume the trajectory as a whole is
periodic and execute the rest of the procedure, see Figure 2.7.

INFO Note 9: Peak-based periodicity checker

A careful reader might notice the peak-based periodicity checker closely re-
sembles differences period searcher, see Section 2.2.1. Indeed, it should be
possible to merge these two concepts into a single algorithm. Nevertheless, we
decided against it for code-readability reasons. Moreover, the computational
complexity of the peak-based periodicity checker is almost negligible when
considering the entire run of the algorithm over the whole grid, even more
so when taking into account the time saved on shift searching for skipped
indices 𝒊 ∈ ℐ [𝕄].

2.2.4.1 Sub-tongues

Throughout this chapter, we have discussed and implemented various measures to
ensure optimal estimation of the true shift between the oscillators. However, none
of our modifications have removed the sub-tongues, which can be seen in every
shift heatmap. By examining the trajectories at their corresponding points, one
can verify both the periodicity and the computed shift. Their emergence is likely
due to our choice of the methodology. In particular, they are probably caused by
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(a) 𝜏 = 0 (b) 𝜏 = 0.025

Figure 2.7: Heatmap of shifts 𝛽 between two 𝜆-weakly coupled interneuron models
with respect to𝐶2 with andwithout delay, such that for each parameter combination
a periodicity is tested before continuing with the computation. The rest of the
computation follows Figure 2.6.

either insufficiently long transient (i.e., the convergence to the attractor is very
slow and the oscillators remain near the initial anti-phase), the discretization of
the parameter-space to the grid, or even possibly the choice of norms/distances for
period and shift searching. Either way, these phenomena could produce a similar
fractal structure.

However it may be, this is the problem of the grid simulation, but also in a way its
strength. Indeed, from what we have computed, we cannot guarantee these sub-
tongue regions of anti-phase synchronization actually exist and are not just artifacts
from our calculation. Nevertheless, the grid simulation along with a suitable choice
of iterator might tell us about the behavior of the studied system in nature, because
it reflects a continuous change of parameters, which might not always have enough
time to converge to the real attractor. Note that the spiral iterator is an especially
good choice, as it radially propagates the parametric change, avoiding sudden
jumps and discontinuities.

2.2.5 Multi-threading and Grid Computing
The Figures 2.3 - 2.7 presented so far have all been computed on a Thinkpad T490s
with Intel Core i7-8565U CPU and 16 GiB of RAM. We have utilized at most 6
threads and the computations took at most approximately 3 minutes. However,
if we were to increase the grid density, the computation time would increase
quadratically. Indeed, the calculation of a 1200-by-1200 grid would take at least
approximately 768 minutes (considering 16 GiB of RAM would be enough, and
thus swapping would not be needed, which could cause a significant slow-down).

Note that multi-threading is not trivial to implement for our algorithm. A wrong
execution order might entirely defeat the purpose of the chosen iterator. Therefore,
we must force each thread to evaluate correct indices, e.g., 𝑙-th thread might be
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restricted to {𝒊𝑙(𝑘+1)−1}
𝑁𝑙

𝑘=0
(for appropriate 𝑁𝑙 < 𝑁𝕄).

In general, scientific computing is often too demanding for a personal computer.
One possible solution is to offload the computation to grid infrastructure, namely
MetaCentrum.

MetaCentrum is the leading national grid computing infrastructure
in the Czech Republic, providing researchers, scientists, and students
with advanced computing resources to tackle complex computational
challenges.

For illustration purposes, we ran the script generating Figure 2.7 for a 1200-by-1200
grid instead of 75-by-75, see Figure 2.8. As we have said, on a regular consumer-
grade laptop, such computation would take at the very least 750 minutes simply
extrapolating from the 75-by-75 grid computation. On MetaCentrum, we reserved
20 CPU cores, 36 GiB of RAM, and 150 GiB scratch storage with a maximal runtime
of 16 hours. Using this setup, the computation took 82 minutes for the experiment
without delays and 443 minutes with delay.

(a) 𝜏 = 0 (b) 𝜏 = 0.025

Figure 2.8: Heatmap of shifts 𝛽 between two 𝜆-weakly coupled interneuron models
with respect to 𝐶2 with and without delay computed on MetaCentrum grid. Save
for grid density, the setup of the experiment mimics Figure 2.7.

Fire Caution 2: Stochastic simulations

So far, we have only used deterministic simulations for every computation of
the shifts heatmap. In theory, one could use the Euler-Maruyama method, see
Algorithm 4, to generate a stochastic realization of the heatmap. Then, using a
sort of Monte Carlo approach, we could repeat the stochastic grid generation to
obtain the distribution of shift for each point of the discretized grid. However,
such modification would drastically increase the computational time simply
due to the repeated computations, but also because of the less “efficient”
Euler-Maruyama solver (as compared to Runge-Kutta methods or similar).

https://metavo.metacentrum.cz/en/


Chapter 3

Bifurcation Theory Approach

As we have mentioned several times before, the fundamental goal of this thesis is to
study the computational aspects of continuation/detection of stable and unstable
manifolds of periodic orbits (and what challenges come with it). As such, we shall
properly discuss what a continuation is and how we compute it. We begin with a
theoretical treatment of bifurcation theory, focused solely on cycle continuation
and stability identification, followed by original results concerning coupled models
of neurons. The theoretical introduction is mainly based on [13], [16], and [18],
but many more related articles are cited throughout the discussion.

We should also disclose that while this chapter is named “Bifurcation
Theory Approach”, we will spend relatively little time discussing actual
bifurcations. Our main focus lies in the continuation of (un)stable
cycles.

Although we primarily rely on existing implementations (MATCONT, see [67] and
[68], for continuation in ODEs and DDE-BIFTOOL, see [69], in DDEs), in this
chapter we also provide a rather thorough theoretical and numerical overview of
the underlying methods and algorithms. Moreover, honoring the saying “do not
reinvent the wheel”, we can base our conclusions on peer-reviewed and community-
tested tools, further strengthening our claims. Lastly, a novel technique along with
its implementation for the continuation of shift between two oscillators is provided
(through a referenced co-authored article).

3.1 Theory of Localizations
Although the primary subjects of our study are periodic orbits, we will first delve
into the localization of equilibrium. Indeed, one might recall we discussed the
relation of equilibria (or fixed points) in discrete dynamical systems and periodic
orbits of continuous-time dynamical systems in Section 1.1.4. This fact alone
suggests it is beneficial to first study the simpler case of equilibria localization,
building tools to later tackle the periodic case.

– 59 –
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3.1.1 Dynamical Systems

3.1.1.1 Equilibrium Localization

To start relatively simply, consider a continuous-time dynamical system induced
by an autonomous ODE of the form (1.4), i.e.,

̇𝒙 = 𝒇(𝒙), 𝒙 ∈ ℝ𝑛.

Its equilibrium 𝒙∗ is then given by

𝒇(𝒙∗) = 0. (3.1)

Note that similarly by setting 𝒇(𝒙) = 𝒈(𝒙) − 𝒙 we can get the same equilibrium
condition for a discrete-time dynamical system 𝒙 ↦ 𝒈(𝒙).

It is easy to see that if the equilibrium 𝒙∗ is stable, one can integrate the system (1.4)
forward in time starting from some point 𝒙 in the basis of attraction of 𝒙∗, since

lim
𝑡→∞

‖𝝋(𝑡, 𝒙) − 𝒙∗‖ = 0

by Definition 1.11. Similarly, if 𝒙∗ is totally unstable (i.e., repelling from all direc-
tions), we can simply reverse time (as we are in the ODE case) and repeat the
procedure1.

Nonetheless, in general, this approach will not work, as equilibria are rarely stable.
The standard procedure is to start from a point in a small neighborhood around
the equilibrium (determined either analytically or via numerical integration) and
construct a sequence of points {𝒙𝑖}∞𝑖=0, which converges to 𝒙∗ under general condi-
tions. For this purpose, we can use Newton’s method, see Section 1.3.5, or one of
its modifications.

Suppose we have found 𝒙∗ with the desired accuracy. Our next task is then to
determine its stability, i.e., how the phase portrait behaves in its vicinity. By
Theorem 1.3, Theorem 1.2, and the following discussion, we know that eigenvalues
of the Jacobian matrix J∗ determine the stability of 𝒙∗. In other words, we need to
compute the roots of the characteristic polynomial

𝑝(𝜆) = det(J∗ − 𝜆𝑰).

Note that there are other methods of computing stability, which in particular do
not require eigenvalues, but only computation of certain determinants of J∗. We
refer an interested reader to [13], page 470.

1Note that this behavior is local and global properties are often more complicated, which is even
more prevalent in higher dimensions.
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3.1.1.2 Periodic Orbit Localization

As we have seen, localization of an equilibrium from a sufficiently close initial
guess was rather simple both theoretically and computationally. Unfortunately, for
limit cycles, the situation is more complicated. For clarity, [70] was heavily used as
a source material for this section.

Assume again we have a dynamical system prescribed by (1.4),

̇𝒙 = 𝒇(𝒙), 𝒙 ∈ ℝ𝑛,

such that it has an isolated periodic orbit 𝐿0. Let 𝒙0(𝑡 + 𝑇0) = 𝒙0(𝑡) be the corre-
sponding solution with minimal period 𝑇0 > 0. Further assume that the cycle 𝐿0
has corresponding multipliers, see Section 1.1.4 and Lemma 1.1,

𝜇1,… , 𝜇𝑛 ∈ ℂ,

which are by Theorem 1.7 the eigenvalues of the 𝑛 × 𝑛 monodromy matrix 𝑴(𝑇0),
where 𝑴(𝑡) satisfies

𝑴̇(𝑡) = ∇𝒇(𝑡)𝑴(𝑡),
𝑴(0) = 𝑰𝑛.

} (3.2)

Recall there is always a trivial multiplier 𝜇1 = 1. Also, if |𝜇𝑖| < 1 for all 𝑖 ∈ [𝑛], then
the cycle is stable. In contrast, if there exists 𝑖 ∈ [𝑛] such that |𝜇𝑖| > 1, the cycle is
unstable (and if all multipliers have a modulus greater than one, the cycle is called
totally unstable or repelling).

If the system features a stable limit cycle 𝐿0, then we can find it again by numerical
integration from a point in its basin of attraction. In contrast to the case of equilibria,
backward-time numerical integration will, in general, not help us find a repelling
periodic orbit.

Suppose we have a system in 2-dimensional state space, which possesses a periodic
orbit, see Figure 3.1. From the theory of differential equations, we know that in the
case of an autonomous ODE (1.4), its trajectories do not intersect. Thus a periodic
orbit 𝐿0 constitutes a Jordan curve2. Then by Jordan curve theorem, see [71], such
orbit partitions the state space into inside and outside of the cycle (and the cycle
itself)3. Thus if 𝐿0 is attracting, the trajectories are guaranteed to converge to 𝐿0
forward in time, whereas for repelling 𝐿0, they will converge backward in time.

On the other hand, for three- or more dimensional dynamical systems, a periodic
orbit does not partition the state space (or any local neighborhood). Then, we cannot

2By (1.4) and the periodicity constraint, there exists a map 𝝓(𝑡) = 𝜑(𝑡, 𝒙(𝑡)) such that it maps the
interval [𝑡0, 𝑡0 + 𝑇0] onto the cycle 𝐿0 and is surely continuous by Definition 1.1 and Definition 1.14
for sufficiently smooth 𝒇 (otherwise 𝒇 would not give rise to a dynamical system in the first place).
Moreover, 𝝓(𝑡) is injective on [𝑡0, 𝑡0+𝑇0) as there can be no intersections. In total, 𝐿0 = 𝝓([𝑡0, 𝑡0+𝑇0])
is a Jordan curve.

3In practice, it suffices to consider a sufficiently large connected region containing the cycle
instead of the entire state space
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L₀

Figure 3.1: Unstable periodic orbit 𝐿0 of a 2-dimensional dynamical system.

guarantee a convergence to the repelling cycle by backward-time integration no
matter the initial vicinity. Moreover, it is needless to say the numerical integration
localization approach will surely fail if the cycle is neither stable nor repelling.
In other words, we cannot even detect the cycle if it is not attracting. Note that
this very fact is the crucial support for the bifurcation theory-based approach. If
our studied system has a stable cycle for some parameters, then we can continue
with respect to a given parameter. Should the periodic orbit become unstable, this
approach, as we shall see later, will still allow us to detect and continue the cycle
manifold. However, no matter the modifications, this is simply not possible with a
simulation-on-grid approach as in Chapter 2.

From now on, we will assume we know the location of the periodic orbit ap-
proximately. A correction method, most often Newton-Raphson, is then applied
repeatedly until satisfactory convergence is achieved. This is a rather common
scenario in practice, where we often know the location of the cycle for a given
parameter value and wish to “continue” by varying the parameter and correcting
the cycle afterward. This process is commonly referred to as continuation.

Usually, we take the period 𝑇 of 𝐿0 as an unknown and formulate the boundary-
value problem (BVP) on a fixed interval. In particular, assume 𝑇 is a parameter and
construct a “time-normalized” system

d𝒖
d𝑠

= 𝑇𝒇(𝒖), 𝑠 ∈ [0, 1], (3.3)

which rescales (1.4) by a time-scaling factor 𝑇, such that the new time is denoted 𝑠.
Now, if a solution 𝒖(𝑠) to (3.3) also satisfies the periodic boundary conditions

𝒖(0) = 𝒖(1), (3.4)
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then it corresponds to a 𝑇-periodic solution of (1.4). However, these two conditions
do not prescribe the period orbit of (1.4) uniquely. Indeed, any time shift of the
solution to the BVP (3.3), (3.4) also determines the same periodic orbit.

Therefore, an extra condition, called the phase condition, must be added. Such
condition is most often written in the form

Φ[𝒖] = 0, (3.5)

where Φ is a scalar functional defined on the space of periodic solutions. The exact
choice of phase condition is up to the user, but the most frequent one is the integral
phase condition

Φ[𝒖] = ∫
1

0
⟨𝒖(𝑠), ̇𝒗(𝑠)⟩ d𝑠, (3.6)

where 𝒗(𝑠) ∈ 𝐶([0, 1], ℝ𝑛) is the reference period-one solution.

Lemma 3.1. The integral phase condition (3.6) is a necessary condition for a local
minimum of the time-shift 𝐿2-distance of period-1 smooth functions 𝒖, 𝒗 ∶ ℝ → ℝ𝑛

𝜌(𝜎) = ∫
1

0
‖𝒖(𝑠 + 𝜎) − 𝒗(𝑠)‖22 d𝑠,

such that the minimum is obtained at shift 𝜎 = 0.

Proof. See [70], lemma 11.

We can now collect all the conditions to obtain the periodic BVP

𝒖̇(𝑠) = 𝑇𝒇(𝒖(𝑠)), 𝑠 ∈ [0, 1]
𝒖(0) = 𝒖(1),

∫
1

0
⟨𝒖(𝑠), ̇𝒗(𝑠)⟩ d𝑠 = 0.

⎫⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪
⎭

(3.7)

If (𝒖(⋅), 𝑻0) ∈ 𝐶1([0, 1], ℝ𝑛)×ℝ satisfies (3.7), then 𝒙(𝑡) = 𝒖 ( 𝑡
𝑇0
) gives the 𝑇0-periodic

solution of (1.4) with 𝒙(0) = 𝒖(0).

Moreover, for the fundamental matrix solution 𝑴(𝑡) of (1.4) we define 𝜞(𝑠), such
that for the monodromy matrix of 𝐿0 holds 𝑴(𝑇) = 𝜞(1) and

𝜞̇(𝑠) − 𝑇∇𝒇(𝒖(𝑠))𝜞(𝑠) = 𝟎, 𝜞(0) = 𝑰𝑛. (3.8)

The eigenvalues of 𝜞(1) correspond exactly to the aforementioned multipliers of
the cycle 𝐿0. We also define the adjoint monodromymatrix𝜳(1) as the solution of

𝜳̇(𝑠) − 𝑇∇𝒇⊤(𝒖(𝑠))𝜳(𝑠) = 𝟎, 𝜳(0) = 𝑰𝑛

evaluated at 1. It follows that

𝜳(𝑠) = (𝜞(𝑠)−1)⊤ . (3.9)
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In general, any solution 𝝃 ∈ 𝐶1([0, 1], ℝ𝑛) of an inhomogeneous linear system

̇𝝃 − 𝑇∇𝒇(𝒖(𝑠))𝝃 = 𝒃(𝑠),

where 𝒃 ∈ 𝐶0(ℝ,ℝ𝑛), can be written as (by (3.9))4

𝝃(𝑠) = 𝜞(𝑠) (𝝃(0) +∫
𝑠

0
𝜞−1(𝜎)𝒃(𝜎)d𝜎) = 𝜞(𝑠) (𝝃(0) +∫

𝑠

0
𝜳⊤(𝜎)𝒃(𝜎)d𝜎) . (3.10)

Definition 3.1. A cycle 𝐿 is called simple if the trivial multiplier 𝜇1 = 1 has
algebraic multiplicity5 equal to 1.

Let 𝒒0, 𝒑0 ∈ ℝ𝑛 be the left and right eigenvectors of the monodromy matrix corre-
sponding to the trivial multiplier 𝜇1,

(𝜞(1) − 𝑰𝑛)𝒒0 = (𝜳(1) − 𝑰𝑛)𝒑0 = 𝟎,
(𝜞(1) − 𝑰𝑛)⊤𝒑0 = (𝜳(1) − 𝑰𝑛)⊤𝒒0 = 𝟎,

such that ‖𝒑0‖2 = ‖𝒒0‖2 = 1. Also, 𝒒0 = 𝑐0𝒇(𝒖(0)) for 𝑐0 ∈ ℝ ∖ {0}, which follows
from (3.8) using (3.3), (3.4):

𝜕
𝜕𝑠

(𝑐0𝒇(𝒖(0))) − 𝑇𝒇(𝒖(1))𝑐0𝒇(𝒖(0)) = 𝑐0∇𝒇(𝒖(0))𝒖̇(0) − 𝑇∇𝒇(𝒖(0))𝑐0𝒇(𝒖(0))

= 𝑐0∇𝒇(𝒖(0))𝑇𝒇(𝒖(0)) − 𝑇∇𝒇(𝒖(0))𝑐0𝒇(𝒖(0))
= 𝟎.

As we have mentioned, the workflow for localization of a periodic orbit is to start
from an initial guess (𝒖, 𝑇), which we correct by (𝒘, 𝑆) ∈ 𝐶1([0, 1], ℝ𝑛) × ℝ, i.e.,

(𝒖, 𝑇) ↦ (𝒖 + 𝒘, 𝑇 + 𝑆),

where (𝒘(⋅), 𝑆) is the solution of the linearized inhomogeneous BVP (for reference
see (3.7))

𝒘̇(𝑠) − 𝑇∇𝒇(𝒖(𝑠))𝒘 − 𝑆𝒇(𝒖(𝑠)) = −𝒖̇(𝑠) + 𝑇𝒇(𝒖(𝑠)), 𝑠 ∈ [0, 1],
𝒘(0) − 𝒘(1) = −𝒖(1) + 𝒖(0),

∫
1

0
⟨ ̇𝒗(𝜎), 𝒘(𝜎)⟩ d𝜎 = −∫

1

0
⟨ ̇𝒗(𝜎), 𝒖(𝜎)⟩ d𝜎.

⎫⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪
⎭

(3.11)

4In other words, 𝜞(𝑠) is a fundamental matrix of (3.8). Moreover, this viewpoint explains (3.10)
as a corollary of the method of variation of constants.

5Recall the algebraic multiplicity of an eigenvalue 𝜆 of a matrix 𝑨 is its multiplicity as a root of
the characteristic polynomial. Furthermore, geometricmultiplicity of 𝜆 is defined as dimker(𝑨−𝜆𝑰).
The algebraic multiplicity is always greater than or equal to the geometric multiplicity for any given
eigenvalue 𝜆 of 𝑨.
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The left-hand side of (3.11) can be expressed as a matrix operator of the form

⎡⎢
⎣

∇ − 𝑇∇𝒇(𝒖) −𝒇(𝒖)
𝜂0 − 𝜂1 0
Int𝒗̇ 0

⎤⎥
⎦⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝖫𝒖,𝑇

(𝒘𝑆) ,

where ∇ denotes the differentiation operator, 𝜂𝑎 is the evaluation operator at 𝑡 = 𝑎,
i.e., 𝜂𝑎𝒘 = 𝒘(𝑎), and

Int𝒗̇𝒘 = ∫
1

0
⟨ ̇𝒗(𝜎), 𝒘(𝜎)⟩ d𝜎.

By taking 𝒗 = 𝒖, where 𝒖 is a solution of (3.7), we get ̇𝒗 = 𝒖̇ = 𝑇𝒇(𝒖). Moreover,
for the following theorem, one might choose 𝒗 sufficiently close to such 𝒖 (most
importantly when 𝒗 is a reference period-1 function, for example, the solution in
the previous step of continuation). Lastly, the replacement of 𝑇𝒇(𝒖) by 𝒇(𝒖) does
not change the fundamental properties of the operator 𝖫𝒖,𝑇.

Theorem 3.1. If (𝒖(⋅), 𝑇) corresponds to a simple cycle, then the operator

𝖫𝒖,𝑇 = ⎡⎢
⎣

∇ − 𝑇∇𝒇(𝒖) −𝒇(𝒖)
𝜂0 − 𝜂1 0
Int𝒇(𝒖) 0

⎤⎥
⎦
,

from 𝐶1([0, 1], ℝ𝑛) × ℝ into 𝐶1([0, 1], ℝ𝑛) × ℝ𝑛 × ℝ is one-to-one and onto.

Proof. See [70], page 36.

By Theorem 3.1 we know (3.11) can be collectively rewritten as

𝖫𝒖,𝑇 (
𝒘
𝑆) = 𝑨𝒖,𝑇, (3.12)

where 𝑨𝒖,𝑇 captures the right-hand side of (3.11), and that 𝖫𝒖,𝑇 is regular. Thus,
an appropriate correction (𝒘, 𝑆) can indeed be found by Newton’s method, see
Section 1.3.5 (assuming we can find a suitable discretization, as (3.12) is infinite-
dimensional).

This approach can be extended to the continuation of a limit cycle branch of a
system

̇𝒙 = 𝒇(𝒙, 𝛼), 𝒙 ∈ ℝ𝑛, 𝛼 ∈ ℝ, (3.13)

with respect to (w.r.t.) parameter 𝛼 ∈ ℝ as the solution to the following BVP (𝒖old
denotes the period-1 cycle for the previous value of 𝛼):

𝒖̇(𝑠) − 𝑇𝒇(𝒖(𝑠), 𝛼) = 𝟎, 𝑠 ∈ [0, 1],
𝒖(0) − 𝒖(1) = 𝟎,

∫
1

0
⟨𝒖(𝜎), 𝒖̇old(𝜎)⟩ d𝜎 = 0.

⎫⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪
⎭

(3.14)
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Furthermore, from Theorem 3.1 and the implicit function theorem, we obtain that
a simple cycle has locally unique continuation w.r.t. parameter 𝛼. Again, we can
define a corresponding operator to (3.14),

⎡⎢
⎣

∇𝒖 − 𝑇∇𝒖𝒇(𝒖, 𝛼) −𝒇(𝒖, 𝛼) −𝑇𝜕𝒇
𝜕𝛼 (𝒖, 𝛼)

𝜂0 − 𝜂1 0 0
Int𝒖̇old

0 0

⎤⎥
⎦
, (3.15)

which then has a one-dimensional null space for a simple cycle 𝒖.

To solve (3.7) (or (3.14)) numerically, we must reduce it to a finite-dimensional
problem (as opposed to searching in the infinite-dimensional space of periodic
functions 𝒖), that is, we need to choose a discretization. Although shooting, multiple
shooting, and finite differences are sometimes used, the most common and most
capable is the method of orthogonal collocation.

Consider for simplicity the BVP (3.7). We shall introduce a partitioning of the
interval [0, 1] by 𝑁 − 1 mesh points, i.e.,

0 = 𝑠0 < 𝑠1 < ⋯ < 𝑠𝑁 = 1.

The primary goal of the orthogonal collocation is to approximate the true solution 𝒖
by piecewise-differentiable continuous function, which is defined as a vector polyno-
mial 𝒖(𝑗)(𝑠) of maximal degree 𝑚 within each subinterval [𝑠𝑗, 𝑠𝑗+1], 𝑗 = 0, 1,… ,𝑁 −1.
Such polynomials can be specified by 𝑚 collocation points

𝑠𝑗 < 𝜁𝑗,1 < 𝜁𝑗,2 < ⋯ < 𝜁𝑗,𝑚 < 𝑠𝑗+1

belonging to each subinterval, where the approximate solution must satisfy the
time-normalized ODE system (3.3) exactly. That is, we require

d𝒖(𝑗)

d𝑠
|
𝑠=𝜁𝑗,𝑖

= 𝑇𝒇(𝒖(𝑗)(𝜁𝑗,𝑖)) (3.16)

for 𝑖 = 1,… ,𝑚, 𝑗 = 0, 1,… ,𝑁 − 1. To put it another way, we are trying to find 𝑁
polynomial splines of degree 𝑚 to approximate the true limit cycle. As the theory
of splines tells us, it is advantageous to represent a given vector polynomial 𝒖(𝑗) by
vectors of (unknown) solutions

𝒖𝑗,𝑘 = 𝒖(𝑗)(𝑠𝑗,𝑘) ∈ ℝ𝑛, 𝑘 = 0, 1,… ,𝑚,

where 𝑠𝑗,𝑘 are representation points6, i.e., nodes of equidistant partitioning of the
interval

𝑠𝑗 = 𝑠𝑗,0 < 𝑠𝑗,1 < ⋯ < 𝑠𝑗,𝑚−1 < 𝑠𝑗,𝑚 = 𝑠𝑗+1,

6Throughout the discussion of orthogonal collocation, we will use both collocation and represen-
tation points, which do not (in general) coincide.
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implying 𝒖𝑗,𝑚 = 𝒖𝑗+1,0, given by

𝑠𝑗,𝑘 = 𝑠𝑗 +
𝑘
𝑚
(𝑠𝑗+1 − 𝑠𝑘), 𝑗 = 0, 1,… ,𝑁 − 1, 𝑘 = 0, 1,… ,𝑚.

This yields the following formulation of 𝒖(𝑗)(𝑠) as interpolation between values at
representation points,

𝒖(𝑗)(𝑠) =
𝑛

∑
𝑖=0

𝒖𝑗,𝑖𝑙𝑗,𝑖(𝑠), (3.17)

where 𝑙𝑗,𝑖(𝑠) are the Lagrange basis polynomials on [𝑠𝑗, 𝑠𝑗+1],

𝑙𝑗,𝑖(𝑠) =
𝑚

∏
𝑘=0,𝑘≠𝑖

𝑠 − 𝑠𝑗,𝑘
𝑠𝑗,𝑖 − 𝑠𝑗,𝑘

⟹ 𝑙𝑗,𝑖(𝑠𝑗,𝑘) = 𝕀𝑖=𝑘 = {
1, 𝑖 = 𝑘,
0, 𝑖 ≠ 𝑘.

Using (3.17), we can translate the problem of finding a vector polynomial (3.16)
into a problem of determining the coefficients 𝒖𝑗,𝑖. Similarly, we can discretize the
periodicity and phase conditions (3.4), (3.6), yielding respectively

𝒖0,0 = 𝒖𝑁−1,𝑚 (3.18)

and
𝑁−1

∑
𝑗=0

𝑚−1

∑
𝑖=0

𝜔𝑗,𝑖 ⟨𝒖𝑗,𝑖, ̇𝒗𝑗,𝑖⟩ + 𝜔𝑁,0 ⟨𝒖𝑁,0, ̇𝒗𝑁,0⟩ = 0, (3.19)

where ̇𝒗𝑗,𝑖 are the values of the derivative of the reference period-1 solution at
representation points 𝑠𝑗,𝑖 and 𝜔𝑗,𝑖 are the Gauss-Legendre quadrature coefficients7. By
combining (3.16), (3.17), (3.18), and (3.19) we get a system (3.20) of 𝑛𝑚𝑁 + 𝑛 + 1
scalar equations for the unknown values 𝒖𝑗,𝑖 ∈ ℝ𝑛 at representation points 𝑠𝑗,𝑖 (there
are (𝑚𝑁 + 1) values 𝒖𝑗,𝑖) and for the unknown period 𝑇,

𝑚

∑
𝑖=0

𝒖𝑗,𝑖𝑙′𝑗,𝑖(𝜁𝑗,𝑘) − 𝑇𝒇 (
𝑚

∑
𝑖=0

𝒖𝑗,𝑖𝑙𝑗,𝑖(𝜁𝑗,𝑘)) = 𝟎𝑛,

𝑗 = 0, 1,… ,𝑁 − 1, 𝑘 = 1,… ,𝑚,
𝒖0,0 − 𝒖𝑁−1,𝑚 = 𝟎𝑛,

𝑁−1

∑
𝑗=0

𝑚−1

∑
𝑖=0

𝜔𝑗,𝑖 ⟨𝒖𝑗,𝑖, ̇𝒗𝑗,𝑖⟩ + 𝜔𝑁,0 ⟨𝒖𝑁,0, ̇𝒗𝑁,0⟩ = 0.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎭

(3.20)

The resulting finite-dimensional system (3.20) is nonlinear, thus we solve it by
Newton’s method (or some modification exploiting the block structure of Jacobian,

7Gauss-Legendre quadrature is a method of approximating a definite integral ∫
1

−1
𝑓(𝑥)d𝑥 ≈

∑𝑛
𝑖=1𝜔𝑖𝑓(𝑥𝑖). The optimal value of 𝑥𝑖 and 𝜔𝑖 for a given value of 𝑛 can be computed analytically. For

more information, see [72]
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which we will discuss later) — this problem is well-posed by Theorem 3.1 and the
discussion afterward.

So far, we have translated (3.7) into a finite-dimensional problem, but we have
neglected a discussion of a crucial choice of the collocation points {𝜁𝑗,𝑖}. The
distribution of collocation points affects the approximation, so a natural goal is
to minimize its error. It can be shown that the optimal choice is to position them
at so-called Gauss points, which are the roots of 𝑚-th degree Legendre polynomial
corresponding to the subinterval [𝑠𝑗, 𝑠𝑗+1]. For more information, we refer the
reader to [72]. These roots originally belong to the interval [−1, 1], but can be easily
transformed to each [𝑠𝑗, 𝑠𝑗+1]. Furthermore, the Legendre polynomials form an
orthogonal system on the interval [−1, 1] (or its transformation), which lends the
name to the orthogonal collocation method.

Let us note the collocation at Gauss points leads to a very highly accurate approxi-
mation of a smooth solution of (3.7) by (3.20) at mesh points, namely

‖𝒖(𝑠𝑗) − 𝒖𝑗,0‖ = 𝑂(ℎ2𝑚),

where ℎ = max0≤𝑗≤𝑁−1(𝑠𝑗+1 − 𝑠𝑗).

Let us turn our attention back to the discretized BVP system (3.20) and consider
its continuation variant (i.e., the discretization of (3.14)), which can be written as
𝑯(𝑿) = 𝟎 for appropriate 𝑯 and 𝑿 = ({𝒖𝑗,𝑘} , 𝑇, 𝛼) ∈ ℝ𝑚𝑛𝑁+𝑛+2 corresponding to
discretized 𝒖, period 𝑇 and the continuation parameter 𝛼. Its Jacobian matrix ∇𝑯
reads (for 𝑛 = 2, 𝑁 = 3, and 𝑚 = 2)8

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝒖0,0 𝒖0,1 𝒖1,0 𝒖1,1 𝒖2,0 𝒖2,1 𝒖3,0 𝑇 𝛼
• • • • • • • •
• • • • • • • •
• • • • • • • •
• • • • • • • •

• • • • • • • •
• • • • • • • •
• • • • • • • •
• • • • • • • •

• • • • • • • •
• • • • • • • •
• • • • • • • •
• • • • • • • •

• • • •
• • • •
• • • • • • • • • • • • • •
• • • • • • • • • • • • • • • •

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (3.21)

where • denotes a generally non-zero element. Thus ∇𝑯 is sparse, and because it
corresponds to the linear operator (3.15) it also has a one-dimensional null-space
satisfying 𝑯(𝑿) = 𝟎 (at generic points). Let us note that by later also adding a
constraint equation stemming from the chosen continuationmethod, see Section 3.2,
we will get a fully determined system.

8The last row of ∇𝑯 represents the continuation equation, which we have not yet discussed (and
therefore, we assume, it can, in theory, depend on all variables).
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The Jacobian matrix ∇𝑯 is crucial for Newton’s method, and its properties deeply
affect the computation. Indeed, assuming the residual formulation of Newton’s
method (1.57), we need to be able to effectively solve the system ∇𝑯 ⋅ 𝑿 = 𝑹.
Fortunately, in the ODE case, we can perform so-called condensation of parameters,
see [73] and [74], eliminating the dependence on intermediate variables (i.e., 𝒖𝑗,𝑘 for
𝑘 = 1,… ,𝑚 − 1) utilizing Gaussian elimination performed on rows. This yields (∘’s
mark eliminated elements)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝒖0,0 𝒖0,1 𝒖1,0 𝒖1,1 𝒖2,0 𝒖2,1 𝒖3,0 𝑇 𝛼
• • • • • • • •
• • ∘ • • • • •
+ + ∘ ∘ + + + +
+ + ∘ ∘ ∘ + + +

• • • • • • • •
• • ∘ • • • • •
+ + ∘ ∘ + + + +
+ + ∘ ∘ ∘ + + +

• • • • • • • •
• • ∘ • • • • •
+ + ∘ ∘ + + + +
+ + ∘ ∘ ∘ + + +

+ + + +
+ + + +
+ + ∘ ∘ + + ∘ ∘ + + ∘ ∘ + + + +
+ + ∘ ∘ + + ∘ ∘ + + ∘ ∘ + + + +

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (3.22)

which has a decoupled subsystem for + signs. Hence, we can first solve the subsystem
given by +’s, and follow up by solving for the intermediate variables afterward,
see [74]. This significantly reduces the dimensionality and thus also memory
requirements.

Assume that we have corrected (in, possibly, multiple steps of the Newton-Raphson
method) 𝑿 = ({𝒖𝑗,𝑘} , 𝑇, 𝛼) converging onto a new point

𝑿𝑐 = ({𝒖𝑗,𝑘
𝑐 } , 𝑇𝑐, 𝛼𝑐)

on the branch of the limit cycle. Then 𝑿𝑐 approximates a solution to (3.14). More-
over, we can further perform Gaussian elimination on rows of ∇𝑯(𝑿𝑐), see (3.22)
and [70], to obtain

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝒖0,0 𝒖0,1 𝒖1,0 𝒖1,1 𝒖2,0 𝒖2,1 𝒖3,0 𝑇 𝛼
• • • • • • • •
• • ∘ • • • • •
• • ∘ ∘ • • • •
• • ∘ ∘ ∘ • • •

• • • • • • • •
• • ∘ • • • • •

• • ∘ ∘ ∘ ∘ • • • •
• • ∘ ∘ ∘ ∘ ∘ • • •

• • • • • • • •
• • ∘ • • • • •

∗ ∗ ∘ ∘ ∘ ∘ ⋆ ⋆ • •
∗ ∗ ∘ ∘ ∘ ∘ ⋆ ⋆ • •
• • • • • •
• • • • • •
• • ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ • • • •
• • ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ • • • •

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (3.23)
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Furthermore, we denote by 𝑷0 the matrix block marked by ∗ sings and by 𝑷1 the
block of ⋆’s. Let 𝒖(0) = 𝒖0,0 and 𝒖(1) = 𝒖𝑁,0, then the following holds

∇𝑯(𝑿𝑐) ⋅ ({𝒖𝑗,𝑘} , 0, 0)
⊤
= 𝟎 ⟹ 𝑷0𝒖(0) + 𝑷1𝒖(1) = 𝟎.

A careful reader might notice that 𝑷0 and 𝑷1 belong to the linearized equation
(3.16), i.e., by (3.8) the equality

𝒖(1) = −𝑷−1
1 𝑷0𝒖(0) (3.24)

approximates
𝒖(1) = 𝜞(1)𝜞(0)−1𝒖(0).

Thus, using 𝜞(0) = 𝑰𝑛 from (3.8), −𝑷−1
1 𝑷0 ≈ 𝜞(1) = 𝑴(𝑇0) for the monodromy

matrix 𝑴(𝑇0) corresponding to the cycle 𝐿0 of (1.4). Computing the eigenvalues of
−𝑷−1

1 𝑷0 then estimates the multipliers of the cycle 𝐿0, which determine its stability.

3.1.2 Semidynamical Systems
Now we shall turn our attention to semidynamical systems induced by DDEs.
Throughout this section, we will assume the DDE of the form (1.24),

̇𝒙(𝑡) = 𝒇(𝒙(𝑡), 𝒙(𝑡 − 𝜏1),… , 𝒙(𝑡 − 𝜏𝐻)),

together with 0 = 𝜏0 < 𝜏1 < ⋯ < 𝜏𝐻 = 𝜏. Although for the purposes of continuation,
a dependence of 𝒇 on some parameter 𝛼 ∈ ℝ is assumed, here we consider 𝛼 fixed
and omit it from the notation. Let us note this section is primarily based on [75]
and [69].

3.1.2.1 Equilibrium Localization

The techniques of equilibrium localization in DDEs do not differ much from the
ODE case. Indeed, assume we are trying to find a stable equilibrium. By time
integration, see Sections 1.2.2 and 1.3.2, we can reach a point 𝒙𝑡 in a close neigh-
borhood of the steady state solution. Then, we can apply the Newton-Raphson
method, see Section 1.3.5, to the 𝑛-dimensional system

𝒇(𝒙𝑖,… , 𝒙𝑖) = 𝟎, (3.25)

where we use 𝒙0 = 𝒙𝑡(0) as the initial approximation. The iterations of the Newton-
Raphson method 𝒙𝑖 converge to the steady state 𝒙∗ for 𝒙0 sufficiently close to
𝒙∗. Naturally, this process can be performed with free parameter 𝛼 to obtain the
continuation curve of the equilibrium by considering (3.25), along with a constraint
given by the continuation method, see Section 3.2.

Suppose again we have found 𝒙∗ with the desired accuracy and that our goal is
now to determine its stability. It can be shown that the stability of 𝒙∗ follows the
stability of (the zero solutions of) the linearized equation, see (1.26),

̇𝒙(𝑡) =
𝐻

∑
𝑖=0

∇𝜏𝑖𝒇
∗𝒙(𝑡 − 𝜏𝑖), (3.26)
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where ∇𝜏𝑖𝒇
∗ = ∇𝜏𝑖𝒇(𝒙

∗,… , 𝒙∗). Moreover, the linearized equation (3.26) is asymptoti-
cally stable if all roots 𝜆 ∈ ℂ of the corresponding characteristic equation

det (𝜆𝑰 − ∇𝜏0𝒇
∗ −

𝐻

∑
𝑖=1

∇𝜏𝑖𝒇
∗) = 0 (3.27)

lie in the open left half-plane, i.e., ℜ (𝜆) < 0, see [27]. Unfortunately, the equation
(3.27) has infinitely many roots. However, only finitely many roots have a real part
larger than a given threshold. Thus, to study the stability of 𝒙∗ it suffices to calculate
only stability-determining roots 𝜆 ∈ ℂ, which are roots satisfying ℜ (𝜆) ≥ 𝑟 for a
given threshold 𝑟 < 0 close to zero.

Although analytical conditions for stability do exist (and are derived by techniques
from complex analysis), we shall omit their theoretical derivation to maintain a
focused and concise scope. Recently, there has been a development in numerical
methods to approximate the stability-determining (i.e., right-most) characteristic
roots of (3.27) using either a discretized solution operator 𝖲(𝑡) of (3.26), see Sec-
tion 1.2.3.2 and Definition 1.27, or a discretized infinitesimal generator 𝖠 of the
semigroup of the solution operator of (3.26), see Note 10.

The solution operator 𝖲(𝑡) has eigenvalues 𝜇(𝑡), which are related to the roots of the
characteristic equation by 𝜇(𝑡) = 𝑒𝜆𝑡, see [75]. Clearly, to determine the stability of
𝒙∗, we need to look at its dominant eigenvalues. Moreover, it follows that for 𝑡 large,
the eigenvalues 𝜇(𝑡) are well separated, which we can exploit in the computation.
Below, we describe an algorithm to compute the dominant eigenvalues of 𝖲(Δ𝑡),
where Δ𝑡 is the time-step of a linear multistep (LMS) method.

INFO Note 10: Infinitesimal generator

In Section 1.2.3.2, we have discussed that 𝖲(𝑡) is a one-parameter strongly
continuous semigroup, see [75]. One can thus define the infinitesimal generator
𝖠 of {𝖲(𝑡)}, see [31], by

𝖠𝝓 = lim
𝑡→0+

𝖲(𝑡)𝝓 − 𝝓
𝑡

.

In particular, for the linearized equation (3.26), the infinitesimal generator
becomes

𝖠𝒙(𝜃) = ̇𝒙(𝜃),

𝒙 ∈ dom𝖠 ∶= {𝒙 ∈ 𝕏𝐶 | ̇𝒙 ∈ 𝕏𝐶 & ̇𝒙(0) =
𝐻

∑
𝑖=0

∇𝜏𝑖𝒇
∗𝒙(−𝜏𝑖)} .

Note that some algorithms for the computation of the stability of an equilib-
rium use a discretized infinitesimal generator instead of the solution operator.

When discretized, either of the discussed operators results in some matrix, for
which we need to compute its eigenvalues. Therefore, it is our key concern that
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this matrix is small or its dominant eigenvalues can be computed efficiently by
using an iterative scheme, such as subspace iteration.

A straightforward way to approximate the solution operator is to consider the
matrix form of the numerical integration of the linearized equation. Such an
approach has been developed by Engelborghs et al., see [76], [75], and [69], and
relies on the linear multistep method, see Section 1.3.2 and Algorithm 3.

Let us discretize the delay interval [−𝜏, 0] (typically extended slightly to both the
left and right, as we shall discuss below) by an equidistant mesh of constant step-
length ℎ to approximate the solution operator 𝖲(ℎ). Then, the solution 𝒙 can be
represented by a finite discrete set of points 𝒙𝑖 ∶= 𝒙(𝑡𝑖) with 𝑡𝑖 = 𝑖ℎ. A 𝑘-step LMS
method for (3.26) with step-length ℎ may be written as

𝑘

∑
𝑖=0

𝛼𝑖𝒙𝑖 = ℎ
𝑘

∑
𝑖=0

𝛽𝑖 ⋅ ⎛
⎝
∇𝜏0𝒇

∗𝒙𝑖 +
𝐻

∑
𝑗=1

∇𝜏𝑖𝒇
∗ ̃𝒙(𝑡𝑖 − 𝜏𝑗)⎞

⎠
, (3.28)

where 𝛼𝑖, 𝛽𝑖 ∈ ℝ are parameters and ̃𝒙(𝑡𝑖−𝜏𝑗) are computed by polynomial interpola-
tion with 𝑠− ∈ ℕ and 𝑠+ ∈ ℕ points to the left and right, respectively, when (𝑡𝑖 − 𝜏𝑗)
does not “align” with 𝑡𝑘 from the discretization. To be precise, DDE-BIFTOOL uses
so-called Nordsieck interpolation, see [69].

Clearly, the discretization of the operator 𝖲(ℎ) itself is given by the linear map from
[𝒙𝑙,… , 𝒙𝑘−1]⊤ to [𝒙𝑙+1,… , 𝒙𝑘]⊤, where 𝑙 = −𝑠− − ⌈𝜏/ℎ⌉ and where the mapping is
prescribed by (3.28). This procedure results in a 𝑁 ×𝑁 matrix approximation of
the operator 𝖲(ℎ), where

𝑁 = 𝑛(−𝑙 + 𝑘) ≈ 𝑛𝜏/ℎ. (3.29)

Unfortunately, due to our choice of approximation and discretization of the solution
operator 𝖲(ℎ) at the step-length ℎ, which is typically rather small, the eigenvalues
𝜇(ℎ) of 𝖲(ℎ) are not well separated. Nonetheless, we can compute themusing theQR
method with computational cost 𝑂(𝑁3), from which the roots of the characteristic
equation can be calculated. Moreover, there have been derived conditions on the
step-length ℎ, such that all characteristic roots 𝜆 with ℜ (𝜆) ≥ 𝑟 for some threshold
𝑟 < 0 are approximated sufficiently accurately, see [76].

INFO Note 11: Runge-Kutta discretization

Let us note a discretization induced by the Runge-Kutta numerical integrator
can also be used, albeit it is less frequent in practice. We refer the interested
reader to [77].

3.1.2.2 Periodic Orbit Localization

The localization of periodic orbits in DDEs proceeds similarly to the ODE case,
see Section 3.1.1.2. Indeed, the main differences lie in the discretization and
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normalization to unit period. Let us remark this subsection is based on [78], [69]
and [75], but also [79], [80], and [81].

So far, our discretization scheme, prescribed by representation points,

0 = 𝑠0 = 𝑠0,0 < 𝑠0,1 < ⋯ < 𝑠0,𝑚−1 < 𝑠0,𝑚 = 𝑠1 = 𝑠1,0 < ⋯ < 𝑠𝑁 = 𝑇,

has been designed for a single period interval [0, 𝑇] (or [0, 1] after period-1 normal-
ization). As such, we can periodically extend it to cover the interval [−𝜏, 𝑇]. There
are now two possible, yet fundamentally different approaches.

The first approach, used in DDE-BIFTOOL, see [69] or [75], normalize the system
in time to a unit period for the given cycle (analogously as we did for ODEs).
Afterward, we can wrap around the delays into interval [0, 1], which yields the
following BVP9

𝒖̇(𝜁𝑗,𝑖) − 𝑇𝒇 (𝒖(𝜁𝑗,𝑖), 𝒖 ((𝜁𝑗,𝑖 −
𝜏1
𝑇
) mod [0, 1]) ,… , 𝒖 ((𝜁𝑗,𝑖 −

𝜏𝐻
𝑇
) mod [0, 1])) = 𝟎,

𝑗 = 0, 1,… ,𝑁 − 1, 𝑘 = 1,… ,𝑚,
𝒖(0) − 𝒖(1) = 𝟎,

∫
1

0
⟨𝒖(𝜎), 𝒖̇old(𝜎)⟩ d𝜎 = 0,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎭

(3.30)
where 𝜁𝑗,𝑖 are again the collocation points, and 𝒖0 and 𝒖1 are solution segments
on [−𝜏, 0] and [1 − 𝜏/𝑇, 1], respectively. The period 𝑇 is an unknown variable.
Unfortunately, the resulting linearized system for the BVP (3.30) has a banded
structure, which cannot be easily exploited to aid the used linear solver. Moreover,
the transformation via themodulo operator complicates the computation of Floquet
multipliers, because it distorts the includedmatrix corresponding to the discretized
time-integration operator.

The alternative method, see [78] and [75], relies on the construction of the orthogo-
nal collocation BVP without subsequent wrapping of the delays. This produces a
larger BVP, as collocation of the delayed segment is also required,

𝒖̇(𝜁𝑗,𝑖) − 𝑇𝒇 (𝒖(𝜁𝑗,𝑖), 𝒖 (𝜁𝑗,𝑖 −
𝜏1
𝑇
) ,… , 𝒖 (𝜁𝑗,𝑖 −

𝜏𝐻
𝑇
)) = 𝑯dde(𝒖, 𝑇) = 𝟎,

𝑗 = 0, 1,… ,𝑁 − 1, 𝑘 = 1,… ,𝑚,
𝒖0 − 𝒖1 = 𝑯per(𝒖) = 𝟎,

∫
1

0
⟨𝒖(𝜎), 𝒖̇old(𝜎)⟩ d𝜎 = 𝜱[𝒖] = 0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎭

= 𝑯(𝒖, 𝑇) = 𝟎.

(3.31)

Note that the trajectory 𝒖(𝑠) of the periodic orbit for 𝑠 ∈ [−𝜏/𝑇, 1] may be split
into 2 parts, 𝒖0 corresponding to the initial point, which captures the delay, and

9The notation 𝑡 mod [0, 1] refers to 𝑡 −max 𝑘 ∈ ℤ | 𝑘 ≤ 𝑡.
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𝒖𝑡(𝑠) for 𝑠 ∈ [0, 1] representing the cycle itself. To solve BVP (3.31), one can again
employ the Newton-Raphson method in its residual form, see Section 1.3.5, where
its linearization may be written as

∇𝒖0𝑯
ddeΔ𝒖0 + ∇𝒖𝑡𝑯

ddeΔ𝒖𝑡 + ∇𝑇𝑯ddeΔ𝑇 = −𝑯dde,
Δ𝒖0 − Δ𝒖1 = −𝑯per,

∇𝒖0𝜱Δ𝒖0 + ∇𝒖𝑡𝜱Δ𝒖𝑡 + ∇𝑇𝜱Δ𝑇 = 𝜱.

⎫⎪⎪⎪
⎬⎪⎪⎪
⎭

(3.32)

All functions and their partial derivatives are assumed to be evaluated for a given
(𝒖, 𝑇), such that Δ𝒖0, Δ𝒖𝑡, Δ𝑇 are considered to be correction variables for (3.32)
in the context of the Newton-Raphson method (this notation was introduced in
Section 1.3.5).

LIGHTBULB Tip 7: Similarities with ODEs

By omitting terms corresponding to partial derivatives with respect to 𝒖0, we
get a similar expression to the linearized BVP for the ODE case (3.11).

In [78], Verheyden and Lust proposed a method of condensation of parameters for
(3.32), such that the BVP is reduced to the following form

(𝜞(1) − 𝑰 ∗
∗ ∗) (

Δ𝒖0
Δ𝑇 ) = −𝑹, (3.33)

where 𝜞(1) is the monodromy matrix, see (3.8), which can be obtained from the
time-integration matrix 𝜞𝑡 for variational equations10,

𝜞𝑡 = − (∇𝒖𝑡𝑯
dde)

−1
∇𝒖0𝑯

dde, (3.34)

similarly to the ODE case, see (3.24). The exact form of (3.33) can be found in
[78]. The Newton-Picard method, see [82], [83] or [84], can be used to efficiently
solve (3.33). Afterward, Δ𝒖𝑡 may be obtained from the first equation of (3.32).
Lastly, Floquet multipliers of the periodic orbit can be computed as the dominant
eigenvalues of the discretized monodromy matrix 𝜞(1).

3.2 Continuation
Let us now explore the continuation process itself (for references, see [13] and [85]).
In general, a (finite-dimensional) continuation problem is the task of finding a curve
in ℝ𝑛+1 prescribed by system

𝑯(𝑿) = 𝟎, 𝑯 ∶ ℝ𝑛+1 → ℝ𝑛. (3.35)
10The variational equations for a given cycle were introduced in Definition 1.21 and correspond

to the linearization of the orthogonal collocation BVP.
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As an example, one might consider the equilibrium curve, which is given as the
𝛼-parametrized solution of 𝒇(𝒙, 𝛼) = 𝟎 for a (semi)dynamical system

̇𝒙 = 𝒇(𝒙, 𝛼).

All of the continuation problems we shall be interested in arise from parametrized
localization problems, see the previous section 3.1.

From the implicit function theorem follows, that the system (3.35) locally defines
a smooth one-dimensional manifold (curve) ℳ passing through a point 𝑿0, if
rank J𝑯 = 𝑛, where J𝑯 = ∇𝑯(𝑿0). By a numerical solution to (3.35) is understood a
sequence of points𝑿0, 𝑿1,… approximating the curveℳwith the desired accuracy.
The continuation algorithms we shall present here will be based on the prediction–
correction process.

For the prediction part, we will solely use the tangent prediction

𝑿̃ 𝑖
(0) = 𝑿 𝑖 + ℎ𝒗𝑖, (3.36)

where 𝒗𝑖 ∈ ℝ𝑛+1 is the normalized tangent vector to the curve ℳ at the (regular)
point 𝑿 𝑖 and ℎ ∈ ℝ is the stepsize. Using the arclength parametrization of 𝑿(𝑠) of
the curve near 𝑿 𝑖 (i.e., 𝑿(0) = 𝑿 𝑖), we can substitute it into (3.35) and differentiate
with respect to 𝑠, which yields

∇𝑯(𝑿 𝑖)
𝒗𝑖

⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑿̇(𝑠)|𝑠=0 = 𝟎.

In other words, 𝒗𝑖 must lie in the null space of the matrix of local linearization of
ℳ around 𝑿 𝑖. Moreover, since 𝑿 𝑖 is presumed to be regular, i.e., rank∇𝑯(𝑿 𝑖) = 𝑛,
then 𝒗𝑖 is determined uniquely up to a constant multiple.

LIGHTBULB Tip 8: Secant prediction

Although we have introduced only the tangent prediction, another popular
method is the secant prediction. For more information, one can see [13].

Currently, we have predicted a point 𝑿̃ 𝑖
(0) assumed to be close to the curve, which we

need to “correct” such that it lies onℳwithin a certain specified degree of accuracy.
This, in general, requires the use of a Newton-like method, see Section 1.3.5, as
(3.35) might be highly nonlinear. However, Newton-like methods can only be
applied to fully determined systems, i.e., the number of equations must correspond
to the number of unknown variables. Therefore, we add an extra scalar (remember
𝑯 ∶ ℝ𝑛+1 → ℝ𝑛) condition

𝑔 𝑖(𝑿) = 0

to (3.35), producing
𝑯(𝑿) = 𝟎,
𝑔 𝑖(𝑿) = 0.

} (3.37)
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Finally, Newton’s method can be used on (3.37).

One possibility is to select a hyper-plane 𝑃 𝑖 passing through the point 𝑿̃ 𝑖
(0), such 𝒗𝑖

is its normal vector. Then, we can find the corrected point 𝑿 𝑖+1 as the intersection
of 𝑃 𝑖 and the curve ℳ. Further, any point 𝑿 on 𝑃 𝑖 must satisfy

𝑔 𝑖(𝑿)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⟨𝑿 − 𝑿̃ 𝑖
(0), 𝒗𝑖⟩ = 0, (3.38)

which defines 𝑔 𝑖 ∶ ℝ𝑛+1 → ℝ. When combined with the tangent prediction, this
method is called the pseudo-arclength continuation, see Figure 3.2a.

Prediction

Correction

(a) Pseudo-arclength continuation

Correction

Prediction

(b) Moore-Penrose continuation

Figure 3.2: Overview of different prediction–correction methods for continuation
(adapted from [85]).

Another possible approach is to adapt 𝑔 𝑖(𝑿) throughout the correction process,
i.e., in the course of the Newton iterations. This produces a sequence of scalar
continuation constraints {𝑔 𝑖

(𝑘)}
𝑁𝑖

𝑘=0
, with 𝑔 𝑖

(0) ≡ 𝑔 𝑖, such that after the 𝑘-th iteration of

the Newton’s method, producing 𝑿̃ 𝑖
(𝑘), we update the restricting hyper-plane to 𝑃 𝑖

(𝑘)
defined as

𝑔 𝑖
(𝑘+1)(𝑿) = ⟨𝑿 − 𝑿̃ 𝑖

(𝑘), ̃𝒗𝑖
(𝑘)⟩ = 0,

where ̃𝒗𝑖
(𝑘) ≠ 𝟎 lies in the null-space of ∇𝑯(𝑿̃ 𝑖

(𝑘)), see (3.38). This method is com-
monly referred to as the Moore-Penrose continuation method, see Figure 3.2b for
illustration.

3.3 Cycle Continuation in Coupled Oscillators
As we have discussed in Section 2.1 on the problem formulation, we shall again
consider the problem of computing phase shifts between 2 weakly coupled oscil-
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lators with possible delay in the coupling. Let us disclose this section is heavily
based on the article by Záthurecký et al. [56].

For the soundness of the grid-based approach to the computation of phase shift
between the oscillators of (2.1), we have simply used the continuous dependence on
parameters and initial conditions. Unfortunately, this argument is insufficient for
the cycle-continuation-based approach, as nothing a priori guarantees the (local)
existence of a suitable (stable) cycle, which could be used for continuation at an
arbitrary coupling strength 𝜆 > 0.

Notably, Záthurecký et al. [56] have shown that there must locally exist a cycle
manifold ℳ (with respect to coupling strength and an arbitrary parameter affect-
ing the frequency of one oscillator) near zero coupling between the two nearly
identical oscillators. In particular, we shall focus primarily on the anti-phase syn-
chronization, which may be used to explain the emergence of frequencies higher
than physiological, see [5] and [4]. This will be performed mainly by studying the
phase shifts between the two oscillators.

Recall the studied system (2.1),

̇𝒙1(𝑡) = 𝒇(𝒙1(𝑡); 𝜔1) + 𝜆𝑲(𝒙1(𝑡), 𝒙2(𝑡 − 𝜏), 𝜎),
̇𝒙2(𝑡) = 𝒇(𝒙2(𝑡); 𝜔2) + 𝜆𝑲(𝒙1(𝑡 − 𝜏), 𝒙2(𝑡), 𝜎),

describing 𝜆-weakly coupled oscillators 𝒙1(𝑡), 𝒙2(𝑡). In particular, we shall again
concern ourselves with the case of two weakly coupled interneuron models, see
(1.63).

This methodology now enables us to study Arnold tongues corresponding to differ-
ent shifts. In particular, the continuation process computes the entire cross-section
of manifold ℳ at a given 𝜆𝑖. This can be represented as a curve 𝒞𝜆𝑖, for instance,
in 3-dimensional space (𝜆, 𝐶2, 𝑇). Projecting parts of 𝒞𝜆𝑖, where the corresponding
cycle is stable, to the (𝜆, 𝐶2) parameter plane yields a slice (with fixed 𝜆𝑖) of all
Arnold tongues ofℳ as present in𝒞𝜆𝑖. This very fact is obscured by the simulation
approach. Indeed, if two submanifolds of ℳ corresponding to stable underlying
cycles overlap when projected onto the parameter space, i.e., they form 2 overlap-
ping Arnold tongues, the simulation approach will highlight only the one in the
basin of attraction of the cycle with a given shift (if both are stable).

Let us begin with 𝜆 = 0, i.e., decoupled nearly-identical oscillators. Then any shift
may occur between them (as there is effectively no connection) and from the theo-
retical contributions of [56], we know that an in-phase and anti-phase synchrony
must exist for cycles on ℳ close to 0- and 𝑇/2-shifts for small enough coupling
(i.e., the distortion from the coupling will not prevent phase synchronization).
Therefore, we choose a fixed discretization Λ = {𝜆𝑖}

𝑁Λ
𝑖=0 for 𝜆.

For each 𝜆𝑖 ∈ Λ, we let the system converge to a stable cycle from a fixed initial
condition 𝝓. After successful convergence, we then continue it with respect to 𝐶2,
which yields a slice of the unknown cycle manifold ℳ.
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INFO Note 12: Discretization of 𝜆

Note that currently, we have “blindly” discretized 𝜆, and then for each element
𝜆𝑖 ∈ Λ of the discretization, we have attempted to converge onto a stable
periodic orbit. Only afterward couldwe compute the continuationwith respect
to 𝐶2. Another approach would be first to continue the cycle with respect to
𝜆, producing a curve 𝒞𝜆 in the desired manifold ℳ. Then, we could perform
the continuation with respect to 𝐶2 for each point of 𝒞𝜆, which is already
discretized due to the nature of numerical continuation.

Moreover, for each cycle on the 𝐶2-continuation curve, we know its corresponding
period 𝑇. This allows us to use shift searching methods, see Section 2.2.2, with
much better accuracy (compared to only estimated period). In particular, we
partition the interval [0, 𝑇], and for each of the disjunct subintervals 𝑄𝑖 ⊆ [0, 𝑇],
we run the shift searching method. Finally, we select the shift with the least error.

In addition, when there is no delay in the coupling 𝑲 (i.e., the ODE case), one can
also continue the LPC curves with respect to 𝜆 and𝐶2. Note that these curves do not
always originate from the zero coupling, as can be seen in Figures 3.3 and 3.4 (parts
(C) and (D)). Unfortunately, DDE-BIFTOOL does not support the continuation
of LPC curves. Nevertheless, we may attempt to estimate these curves from the
boundaries of stable and unstable limit cycles on the manifold ℳ.

Now, we can show the relation of 𝜆 and 𝐶2 to both the period 𝑇 and the shift 𝛽,
see Figures 3.3 and 3.4 (parts (A) and (B)). Furthermore, we can project the cycle
manifold onto the parameter plane (𝐶2, 𝜆), where it draws out desired tongues.
Let us remark tongues corresponding to different stable sub-manifolds of ℳ can
overlap.

Figures 3.3 and 3.4 show this methodology applied to two weakly coupled in-
terneuron models, see (1.63). The continuation was performed using MatCont, see
[67] and [68], in the ODE case and DDE-BIFTOOL, see [69], in the DDE case. In
particular, we calculated the optimal shift in the first coordinate of both oscillators
over a 3𝑇-long trajectory. The region around zero-delay is numerically unstable
for the continuation, see Section 3.1.2 — for very small delay (notice that the de-
lay affects only the coupling term), the DDE system approaches the behavior of
an ODE, resulting in a bad condition of the Jacobian matrix for the orthogonal
collocation/continuation. For implementation details, see the Git repository for
[56], potentially also the Git repository associated with this thesis for specifics of
plotting computed data.

The runtimes necessary to generate data for Figures 3.3 and 3.4 (parts (A) and
(B)) are approximately 43 seconds for the ODE case and 26 minutes for the DDE
version, respectively. Note that although parts (C) and (D) of the same figures
require a finer discretization Λ, in practice one would probably not need to use it.
Indeed, there is no inherent increase in error when choosing a sparser discretization,
whereas, in the simulation-based approach, it would affect the entire result. As

https://gitlab.ics.muni.cz/ndteam/gamu/shift-continuation
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there is no dependence on results from other slices throughout the calculation,
the parallelization is much easier and more efficient11. The required runtime in
MATLAB, see [37], in the DDE case, is heavily dependent on the version of the
dde23 solver, as discussed in Tip 3.

While there exists a Julia package DDEBifurcationKit.jl for continuation in DDEs,
see [86], it currently does not support the computation of Floquet multipliers for
periodic orbits, see this GitHub issue for more details. For completeness’ sake,
we provide a reference single-threaded unoptimized implementation using this
package as well, which can be found in the Git repository for [56]. The data
generation process described above takes about 3 minutes for an ODE case (on 4
threads).

Finally, Figure 3.5 depicts the comparison of both approaches. Specifically, we plot
the heatmaps of shifts 𝛽 computed on MetaCentrum using the simulation-on-grid
approach. Moreover, black curves render the boundaries of anti-phase Arnold
tongues calculated with the bifurcation-based approach. In total, one can see that
in general these two methods give comparable results. However, the simulation-
based approach suffers from a rather high artifact rate, even though we used a very
dense underlying grid.

11The implementation of the simulation-on-grid relies on using clever iteration order and multi-
threading locks, which results in delays when a thread is waiting to write to or read from the results
matrices.

https://github.com/bifurcationkit/DDEBifurcationKit.jl/issues/16
https://gitlab.ics.muni.cz/ndteam/gamu/shift-continuation
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Figure 3.3: Numerical continuation of the cycle manifold ℳ of the system (1.63)
without delay for 𝐶1 = 1 and free parameter 𝐶2 using MatCont is shown in (A); (B)
plots period 𝑇 with respect to 𝜆 and 𝐶2. The colors of the continued section curves
indicate stability (blue) or instability (red) of the limit cycles. The grey curves in
panels (A) and (B) represent the projections of the black LPC curves onto (𝐶2, 𝜆)
delineating the Arnold tongues. The heatmaps of (C) the in-phase and (D) the
anti-phase Arnold tongues illustrate the corresponding phase shift 𝛽. Adapted
from [56] (redrawn in Julia using data from the article).
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Figure 3.4: Numerical continuation of the cycle manifold ℳ of the system (1.63)
with delay 𝜏 = 0.025 for 𝐶1 = 1 and free parameter 𝐶2 using DDE-BIFTOOL
is shown in (A); (B) plots period 𝑇 with respect to 𝜆 and 𝐶2. The colors of the
continued section curves indicate stability (blue) or instability (red) of the limit
cycles. The grey curves in panels (A) and (B) represent the projections of the black
estimated LPC curves onto (𝐶2, 𝜆) delineating the Arnold tongues. The heatmaps of
(C) the in-phase and (D) the anti-phase Arnold tongues illustrate the corresponding
phase shift 𝛽. Adapted from [56] (redrawn in Julia using data from the article).
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(a) 𝜏 = 0 (b) 𝜏 = 0.025

Figure 3.5: Comparison of heatmaps of phase shifts 𝛽 computed using the
simulation-based approach, see Chapter 2 and Figure 2.8, and borders of anti-
phase Arnold tongues obtained from the continuation of the cycle manifold ℳ,
see above.



Conclusions

Phase-locked synchronization is of utmost importance for neuroscience. Specifi-
cally, in-phase synchronization refers to the phase relationship between two cou-
pled neurons firing simultaneously, whereas anti-phase synchronization refers to
the phase relationship between two coupled neurons that maximizes the frequency
of their combined signal. However, the problem of determining suitable parameter
values, which would result in synchronization, and the phase shift thereof, is a
rather complicated task.

After building up the necessary theoretical background in the first chapter, we have
delved into phase-shift detection using a grid simulation approach. Iteratively, we
built and improved the methodology for the problem at hand, introducing various
concepts along the way. Moreover, at each step, we applied the algorithm to a
system of two weakly coupled interneuron models. Finally, the computation was
executed on the MetaCentrum grid infrastructure.

In the third chapter, we discussed the localization of equilibria and limit cycles for
both ODE and DDE systems. Then, we applied the showcased numerical methods
to the system of interest, obtaining the cycle manifold corresponding to an Arnold
tongue for a given synchronization. We were then able to compute phase shifts
(between the two oscillators) of periodic orbits on the manifold. By projection onto
the parameter plane, we obtained a comparable result to the more traditional grid
simulation.

It is rather complicated to say which method is “better”, as each takes a very
different route on the path to the same goal. The simulation-based approach more
closely mimics (under the assumption of an appropriate iterator) a continuous
change of parameters, which may or may not have the time to converge to the
equilibrium. This renders the choice of transient interesting for applications
because the method can compute synchronization modes the system can reach by
continuously changing its parameters. Moreover, its strengths lie in the fact that
much less theoretical background is needed, making it more accessible to a wider
(academic) community.

Nevertheless, at its core, it is still a heuristic algorithm, which we have attempted
to improve in various ways. Its biggest drawback probably lies in the dependence
on nearby already computed trajectories and phase shifts for a given element of the

– 83 –



84 Conclusions

grid. This very idea, which we have used to improve the Arnold tongue detection,
complicates multi-threading execution and necessitates the use of a dense grid
to allow us to draw reasonable conclusions. Lastly, while the initial draft of the
method was rather easy to implement, each subsequent iteration makes it more
complicated and introduces possible parameters and choices ofmethods/norms/etc.
For instance, in the current version of GridWalker.jl, there are approximately 40
parameters/functions strictly related to the computation itself to be selected.

On the other hand, the approach based on bifurcation theory streamlines many
parts of the process at the cost of much higher theoretical complexity of the un-
derlying methods. Indeed, save for the shift computation, most of the algorithm
uses standard continuation methods available in bifurcation toolkits, such as MAT-
CONT or DDE-BIFTOOL. This also significantly reduces the number of parameters
or selectable functions. Furthermore, the ability to easily and efficiently parallelize
the computation compensates for the higher time complexity of the calculation at
each individual point. Finally, the theoretical background and independence of
single slice computation from the previous results guarantee that once we have
computed a phase shift for a given point (𝐶𝑖

2, 𝜆𝑖), it must hold for any discretiza-
tion Λ such that 𝜆𝑖 ∈ Λ. This crucial property is missing in the simulation-based
approach.

In total, we believe the bifurcation-based approach should be more prevalent
in applied fields, as it offers clear computational benefits. Nevertheless, some
capabilities of the grid simulation approach, for instance, stochastic phenomena
or the effect of transient, cannot be replicated by using the continuation-based
approach. Thus, researchers should strive to pick the best methodology for their
problem of interest.
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Appendix A

Algorithms

Algorithm 6: Golden section method

Input: Optimization problem (1.46), initial interval 𝐼 = [𝑎, 𝑏], number of
evaluations 𝑁 ∈ ℕ
Output: Approximation of minimum ̄𝑥𝑘
begin
  set [𝑎0, 𝑏0] ← [𝑎, 𝑏], 𝑙0 ← 𝑏0 − 𝑎0;
  calculate 𝑥−2 ← 𝑎0 + 1

𝜏2 𝑙0 & 𝑥+2 ← 𝑎0 + 1
𝜏 𝑙0;

  evaluate 𝑓−
2 ← 𝑓(𝑥−2 ), 𝑓+

2 ← 𝑓(𝑥+2 )
  if 𝑓−

2 < 𝑓+
2 do

    set [𝑎2, 𝑏2] ← [𝑎0, 𝑥+2 ];
    set Increasing ← 1;
  else do
    set [𝑎2, 𝑏2] ← [𝑥−2 , 𝑏0];
    set Increasing ← 0;
  end
  set 𝑙2 ← 𝑏2 − 𝑎2
  for 𝑖 = 3 to 𝑁 do
    if Increasing equals 1 do
      set 𝑥+𝑖 ← 𝑥−𝑖−1, 𝑓+

𝑖 = 𝑓−
𝑖−1;

      calculate 𝑥−𝑖 ← 𝑎𝑖−1 + 1
𝜏2 𝑙𝑖−1;

      evaluate 𝑓−
𝑖 ← 𝑓(𝑥−𝑖 )

    else do
      set 𝑥−𝑖 ← 𝑥+𝑖−1, 𝑓−

𝑖 = 𝑓+
𝑖−1;

      calculate 𝑥+𝑖 ← 𝑎𝑖−1 + 1
𝜏 𝑙𝑖−1;

      evaluate 𝑓+
𝑖 ← 𝑓(𝑥+𝑖 )

    end
    if 𝑓−

𝑖 < 𝑓+
𝑖 do

      set [𝑎𝑖, 𝑏𝑖] ← [𝑎𝑖−1, 𝑥+𝑖 ];
      set Increasing ← 1;
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    else do
      set [𝑎𝑖, 𝑏𝑖] ← [𝑥−𝑖 , 𝑏𝑖−1];
      set Increasing ← 0;
    end
    set 𝑙𝑖 ← 𝑏𝑖 − 𝑎𝑖;
    set ̄𝑥𝑖 ←

𝑎𝑖+𝑏𝑖
2

  end
end

Algorithm 7: Fibonacci method

Input: Optimization problem (1.46), initial interval 𝐼 = [𝑎, 𝑏], number of
evaluations 𝑁 ∈ ℕ, tolerance 𝜀 > 0 small
Output: Approximation of minimum ̄𝑥
begin
  set 𝐴 ← 𝑎, 𝐵 ← 𝑏, 𝑛 ← 𝑁;
  define 𝑠 ∶= 1−√5

1+√5
;

  let 𝜌 ← 1
𝜏

1−𝑠𝑛
1−𝑠𝑛+1 , 𝑟 ← (1 − 𝜌)𝐴 + 𝜌𝐵;

  set 𝑓 𝑟 ← 𝑓(𝑟) and 𝑛 ← 𝑛 − 1
  while 𝑛 > 0 do
    if 𝑛 > 1 do
      set 𝑙 ← 𝜌𝐴 + (1 − 𝜌)𝐵
    else do
      set 𝑙 ← 𝜀𝐴 + (1 − 𝜀)𝑟
    end
    update 𝜌 ← 1

𝜏
1−𝑠𝑛
1−𝑠𝑛+1 ;

    set 𝑓 𝑙 ← 𝑓(𝑙) and 𝑛 ← 𝑛 − 1
    if 𝑓 𝑙 < 𝑓 𝑟 do
      set [𝑟, 𝐵, 𝑓 𝑟] ← [𝑙, 𝑟, 𝑓 𝑙]
    else do
      set [𝐴, 𝐵] ← [𝐵, 𝑙]
    end
  end
  set ̄𝑥 = 𝐴+𝐵

2
end


	Desky
	Titulní strana
	Bibliografický záznam
	Bibliographic Entry
	Abstrakt
	Abstract
	Oficiální zadání
	Poděkování
	Prohlášení
	Used Notation
	Introduction
	Mathematics Behind Dynamics
	A Primer on Dynamical Systems
	Basic Concepts
	Continuous-time Autonomous Systems
	Discrete Dynamical Systems
	Poincaré Map
	Stochastic Dynamical Systems

	Dynamical Systems with Delays
	Functional Differential Equations
	Method of Steps
	Notes on Delay Differential Equations
	Semidynamical Systems Induced by Delay Differential Equations

	Numerical Methods
	Numerical integration of ODEs
	Numerical Integration of DDEs
	Numerical Integration of SDEs
	One-Dimensional Optimization
	Newton's Method

	Neuronal Dynamics
	Physiology of a Neuron
	Conductance-based Models
	Couplings


	Grid Simulation Approach
	Problem Formulation
	Grid-Based Phase-Shift Computation
	Period Searching
	Shift Searching
	Starters, Iterators, and Indexers
	Periodicity Checkers
	Multi-threading and Grid Computing


	Bifurcation Theory Approach
	Theory of Localizations
	Dynamical Systems
	Semidynamical Systems

	Continuation
	Cycle Continuation in Coupled Oscillators

	Conclusions
	Bibliography
	Appendices
	Algorithms


